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Abstract
This is a short reference for functional analysis. The material is from Boston University’s
PhD class in functional analysis, MA717 taught by Mark Kon during Spring 2023. The
course follows Functional Analysis by Reed and Simon. Topics include theory of Banach
and Hilbert spaces, Fourier analysis, wavelet theory and multiresolution analysis, topological
vector spaces, ergodic theory, theory of operators, and spectral theory.
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1 Review
1.1 Sets and Functions
If X,Y are sets, then X × Y = {(x, y) | x ∈ X, y ∈ Y } is the Cartesian product of X and Y .

Let f : X → Y be a function. The set of all x to which f can be applied is the domain of f , and the set
of all y s.t. y = f(x) for some x ∈ X is the range of f . f is surjective if Range(f) = Y . f is injective if
f(x1) = f(x2) =⇒ x1 = x2. f is bijective if it is surjective and injective.

Let X,Y be two sets. A relation between X and Y is a subset R ⊂ X × Y . If (x, y) ∈ R, we say xRy or x is
related to y. A relation R ⊂ X ×X is an equivalence relation if

(i) xRx ∀x ∈ X (reflexive property);

(ii) xRy =⇒ yRx ∀x, y ∈ X (symmetric property);

(iii) xRy, yRz =⇒ xRz ∀x, y, z ∈ X (transitive property).

The set of all elements related to a fixed element x is an equivalence class.

Theorem 1.1. Let R be an equivalence relation on a set X. Then each element of X belongs to a unique
equivalence class.

1.2 Metric Spaces
Let X be a set. Define a metric between 2 elements x, y ∈ X by ρ(x, y) with the following properties

(i) ρ(x, y) ≥ 0 ∀x, y ∈ X with equality iff x = y (positivity);

(ii) ρ(x, y) = ρ(y, x) ∀x, y ∈ X (symmetry);

(iii) ρ(x, y) + ρ(y, z) ≥ ρ(x, z) ∀x, y, z ∈ X (triangle inequality).

Then (X, ρ) is a metric space.
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Example 1.2. Let X = C[0, 1] be the continuous functions on [0, 1] and f1, f2 ∈ X. Then

ρ1(f1, f2) =
∫ 1

0
|f1 − f2|dx,

ρ2(f1, f2) = sup
x∈[0,1]

|f1(x)− f2(x)|,

ρ3(f1, f2) =
(∫ 1

0
|f1 − f2|2dx

)1/2

are all metrics.
From now on, always assume (X, ρ), (Y, d) are our canonical metric spaces, unless otherwise stated.
Let {xn} be a sequence. Let x ∈ X. Then xn → x (xn converges to x) if ρ(xn, x) → 0. If ∀ε > 0, ∃N s.t.
∀n,m > N implies ρ(xn, xm) < ε, then {xn} is a Cauchy sequence.
Proposition 1.3. If xn ∈ X and ∃x ∈ X s.t. xn → x, then {xn} is a Cauchy sequence.
If every Cauchy sequence in X converges to some element of X, then X is complete.
Example 1.4. R is complete with ρ(x, y) = |x− y|, but Q is not complete with this metric.
X1 ⊂ X is dense in X, if ∀x ∈ X,∀ε > 0, ∃x1 ∈ X1 s.t. ρ(x, x1) < ε.
Example 1.5. Q ⊂ R is dense in R.
Let f : X → Y be a bijective map. Assume that d(f(x), f(y)) = ρ(x, y) ∀x, y ∈ X. Then f is called an
isometry.
Theorem 1.6. If (X, ρ) is not a complete metric space, there exists a complete space (Y, d) s.t. (X, ρ) can
be embedded in (Y, d). Y is called the completion of X.
Example 1.7. R is the completion of Q.
A function f : X → Y is continuous at x ∈ X if ∀ε > 0, ∃δ > 0 s.t. if ρ(x0, x) < δ, then d(f(x0), f(x)) < ε.
f is continuous if f is continuous at all x ∈ X.
Theorem 1.8. f : X → Y is continuous at x iff for any sequence xi → x implies f(xi)→ f(x).
Let x ∈ X. Then Bε(x) = {y | ρ(x, y) < ε} is the open ball of radius ε about y. A set O ⊂ X is open if
∀x ∈ O, ∃ε > 0 s.t. Bε(x) ⊂ O. A neighborhood N of x is any set which contains an open set that contains x.
Let E ⊂ X. Then x is a limit point of E if ∀r > 0, Br(x) contains points in E besides x itself. E is closed if
it contains all its limit points.
Given E ⊂ X, we define the interior Eo of E to be the largest open set contained in E. We define the closure
E of E to be the smallest closed set containing E. Then the boundary of E is the difference between the two
sets: ∂E = E \ Eo. x ∈ X is a point of closure of a set E if x ∈ E.
Proposition 1.9. Every point on ∂O is a limit point of O.
Theorem 1.10. A set O ⊂ X is open iff Oc is closed.
Theorem 1.11. f : X → Y is continuous iff for all open O ⊂ Y , f−1(O) is open.1

1.3 Vector Spaces and Normed Linear Spaces
Recall a vector space (v.s.) V is a set that is closed under addition and scalar multiplication that satisfies the
following properties:

(a) α(v1 + v2) = αv1 + αv2 (distributive);
(b) v1 + v2 = v2 + v1 (commutative);
(c) (v1 + v2) + v3 = v1 + (v2 + v3) (associative);
(d) α1(α2v) = (α1α2)v;
(e) ∃!v = 0 s.t. 0 + v1 = v1 ∀v1 ∈ V ;

1Note that f−1 is the pre-image of f , not the inverse function.
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(f) (α1 + α2)v = α1v + α2v;

(g) 1 · v = v ∀v ∈ V ;

(h) ∀v, ∃w = −v s.t. x+ v = 0.

A v.s. V is a normed linear space (n.l.s) if each v ∈ V is assigned a length ∥v∥ ≥ 0 s.t.

(a) ∥v∥ = 0 iff v = 0;

(b) ∥αv∥ = |α|∥v∥ ∀α ∈ R, v ∈ V ;

(c) ∥v1 + v2∥ ≤ ∥v1∥+ ∥v2∥.

Remark 1.12. A n.l.s. is also a metric space if we define ρ(v1, v2) = ∥v1 − v2∥.

Let V1, V2 be n.l.s. Let T : V1 → V2. Then T is a bounded linear transformation (BLT) if

(i) T (v1 + v2) = Tv1 + Tv2;

(ii) T (αv1) = αTv1;

(iii) ∥Tv1∥ ≤ C∥v1∥ ∀v1 ∈ V for some C.

The smallest C which makes (iii) true is called ∥T∥, the norm of T .

Theorem 1.13. Let T : V1 → V2 be a linear transformation. Then T is bounded iff T is continuous.

1.4 Countable Sets
A set A is countable if there exists a one-to-one mapping between A and N. If A is infinite, and A is not
countable, then it is uncountable.

Example 1.14. N,Q,N100 are countable, R is uncountable.

1.5 Measure Theory on R
Motivation: we want to extend the sets that are measurable, i.e., sets that have definite size, from just the
intervals on R to a larger class of subsets of R.

A family F of subsets of a set S is a σ-algebra if it contains S, it is closed under complements, and it is closed
under countable unions. The Borel sets B on R is the smallest σ-algebra containing all open intervals in R.

Let J be the collection of all countable infinite unions of disjoint open intervals in R. For E ∈ J , write
E = ∪(ai, bi), where the intervals are assumed to be disjoint. Then the measure of E is µ(E) =

∑
(bi − ai).

For B ∈ B, define
µ(B) = inf

E∈J :E⊇B
µ(E).

The measure µ(B) is the Lebesgue measure of B.

Theorem 1.15. Let µ be any nonnegative function defined on a σ-algebra F . µ is a measure if it has the
following properties:

(i) µ(∅) = 0

(ii) If {An} ⊂ F , and all An are disjoint, then µ(∪An) =
∑
µ(An).

f : R→ R is a Borel function if f−1((a, b)) ∈ B for any interval (a, b) ⊂ R.

Remark 1.16. Borel functions will be the largest class of functions on which we will be able to define an
integral.

Proposition 1.17. f is a Borel function iff f−1(B) ∈ B ∀B ∈ B.

Theorem 1.18 (Properties of Borel functions). We have the following:

(a) If f, g are Borel measurable, λ ∈ R, then so are f + g, fg,max{f, g},min{f, g}, λf .

(b) If {fn} is a sequence of Borel measurable functions, and fn → f , then f is Borel measurable.
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First, assume that f is nonnegative on [a, b]. Fix n ∈ N. Then for 0 ≤ m <∞, divide the y-axis into intervals
(mn ,

m+1
n ). Then we can approximate the integral of f , and define the Lebesgue integral of f as∫ b

a

f = lim
n→∞

∞∑
m=0

m

n
· µ
(
f−1

(
m

n
,
m+ 1
n

))
.

We will omit the bounds of integration if they are obvious. If f is not positive, then write f = f+ − f−,
where f+ = max{f, 0}, f− = −min{f, 0}. Now if

∫
|f | <∞, define∫

f =
∫
f+ −

∫
f−.

Define L1(a, b) = {f |
∫ b
a
|f | <∞}.

Theorem 1.19 (Properties of L1 integrals). Let a, b ∈ R (may be infinite).
(a) If f, g ∈ L1(a, b), then so are f + g, λf if λ ∈ R. We have the following:
(b) If f ∈ L1(a, b) and |g| ≤ |f |, then g ∈ L1(a, b).

(c)
∫ b
a

(f + g) =
∫ b
a
f +

∫ b
a
g.

(d) |
∫ b
a
f | ≤

∫ b
a
|f |.

(e) f, g ∈ L1(a, b), f ≤ g =⇒
∫ b
a
f ≤

∫ b
a
g.

(f) |
∫ b
a
f | ≤ (b− a) supx∈(a,b) |f(x)|.

Theorem 1.20 (Monotone convergence theorem). Let fn(x) ≥ 0 be measurable and fn(x) → f(x) ∀x.
Assume fn+1(x) ≥ fn(x) ∀x, n ∈ N. Then if

∫
fn ≤ C ∀n ∈ N, where C is a constant, we have f ∈ L1,

lim
n→∞

∫
fn =

∫
lim
n→∞

f =
∫
f,

and ∫
|fn − f | → 0.

Theorem 1.21 (Dominated convergence theorem). Suppose |fn(x)| ≤ F (x) and F ∈ L1. Then if fn(x)→
f(x) ∀x, we have f ∈ L1,

lim
n→∞

∫
fn =

∫
lim
n→∞

f =
∫
f,

and ∫
|fn − f | → 0.

A condition C holds almost everywhere (a.e.) on R if the set of numbers where C is false has measure 0.
Functions f, g are equivalent (f ≡ g) if they differ on a set of measure 0.
Remark 1.22. We consider functions which are equivalent to be the same element of L1(a, b).
Notice that L1(a, b) is a metric space with metric

ρ(f1, f2) =
∫ b

a

|f1 − f2| = ∥f1 − f2∥1.

Theorem 1.23 (Riesz-Fisher theorem). L1(a, b) is complete.
Proposition 1.24. C[a, b] is a dense subset of L1[a, b] (in the above metric).

Recall C = {a + bi | a, b ∈ R}, where i =
√
−1. Let α = a + bi ∈ C, define the norm |α| as

√
a2 + b2. We

define the complex conjugate of α as α = a− bi.

Now consider f : R→ C. Then we can write f = f1 +if2, where f1, f2 : R→ R. Let |f(x)| =
√
f2

1 (x) + f2
2 (x).

Then we have ∥f∥1 =
∫
|f | and

∫
f =

∫
f1 + i

∫
f2.
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1.6 General Measure Theory on R
Let α : R → R be an increasing function (with possible jumps). For an interval [a, b], define the measure
µα([a, b]) = α(b+)− α(a−). We can show that µα extends uniquely from intervals [a, b] to a measure on B.
The measure µα is called the Stieltjes measure corresponding to the function α. A measure on Borel sets in
R is called a Borel measure.
We will use the notation ∫

fdµα =
∫
f(x)dα(x).

For a function f : R→ R, we define f ∈ L1(a, b;µα) if
∫
|f |dµα <∞.

In general, if we can write ∫
fdµα =

∫
f(x)g(x)dx

for some g(x), then µα is called absolutely continuous w.r.t. Lebesgue measure.

Example 1.25. Let α(x) =
{

1, x ≥ 0;
0, x < 0. Then µα([a, b]) = α(b+)− α(a−) =

{
1 if 0 ∈ [a, b];
0 if 0 ̸∈ [a, b], i.e., {0} has

measure 1, and all else has measure 0.
If a measure µ on R has a point mass at a point x if µ({x}) > 0. If the measure µα is concentrated on a
countable or finite set of points, µα is called a point measure.

1.7 The Cantor Set and the Cantor Function
Consider the set S on [0, 1] such that S =

( 1
3 ,

2
3
)
∪
( 1

9 ,
2
9
)
∪
( 7

9 ,
8
9
)
∪
( 1

27 ,
2

27
)
∪ · · · , i.e., at each stage take the

middle third of each interval that’s not yet included and include it in the list. Note that µ(S) = 1. Then
define C = [0, 1] \ S. Then C is the Cantor set. Note that µ(C) = 1− 1 = 0.
Now define the Cantor function α(x) on [0, 1] as follows. Start with α(0) = 0 and α(1) = 1, then fill in values
on the set S as follows:

α(x) =


1
2 , x ∈

( 1
3 ,

2
3
)

1
4 , x ∈

( 1
9 ,

2
9
)

3
4 , x ∈

( 7
9 ,

8
9
)

etc.
We still need to define α(x) on C. We can extend α(x) uniquely to a continuous function on [0, 1] by filling in
values on C using continuity. That is, for x ∈ C, α(x) = limy↑x α(y), where y ↑ x are chosen so that y ∈ S.
Lemma 1.26. The function α(x) is continuous.
Remark 1.27. α(x) is constant on all intervals forming S, meaning µα(E) = 0 ∀E ⊂ S. Hence, µα is
concentrated on C, a set of Lebesgue measure 0! This means that µα(S) = 0 while µℓ(C) = 0.
We state that µα is singular w.r.t. Lebesgue measure µℓ (µα ⊥ µℓ) on [a, b] because there are two sets S,C
with [a, b] = S ∪ C and µα(S) = 0 and µℓ(C) = 0, i.e., two measure have support in entirely different places.
A function α : R→ R is right continuous if its value at any point is the limit of its values to the right, i.e.,
α(x) = limy↓x α(y), where the limit y ↓ x indicates that y approaches x from the right.
Proposition 1.28. There is a one-to-one correspondence between right continuous functions α(x) on the
interval (a, b) and Borel measure µ(x).
A Stieltjes measure µα arising from a continuous function α(x) is called a continuous measure. A continuous
measure µα which is singular w.r.t. Lebesgue measure is called a singular continuous measure.
Proposition 1.29. A measure µ is continuous iff it has no point masses.

1.8 General Measures on Borel Sets
Let µ be a measure on B in R. Assume also that ∀B ∈ B,

µ(B) = inf
O⊃B

O open

{µ(O)} (1)

= sup
C⊂B

C closed, bdd

{µ(C)}, (2)
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then µ is called a Borel measure. If Property 1 holds for all Borel sets, then µ is called outer regular ; if
Property 2 holds for all Borel sets, then µ is called inner regular.
Theorem 1.30. Any Borel measure µ can be written as a sum µ = µp+µc, where µc is a continuous measure
and µp is a pure point measure.
There is another way to break down all Borel measure on R.
Theorem 1.31 (Lebesgue decomposition theorem). Any Borel measure µ on R can be uniquely written as
a sum µ = µac + µs, where µac is absolutely continuous w.r.t. Lebesgue measure and µs is singular w.r.t.
Lebesgue measure.
Theorem 1.32. Any Borel measure µ on R can be written as µ = µp + µac + µcs, where µp is a pure point,
µac is absolutely continuous w.r.t. Lebesgue measure, and µcs is singular w.r.t. Lebesgue measure.
Note that cs stands for continuous singular.

1.9 Abstract Measure Theory
Let (M,F , µ) be our canonical measure space unless otherwise stated.
A set A ∈ F is called measurable. A measure µ is a σ-finite measure on M if M can be written as a countable
union of sets Ai s.t. µ(Ai) <∞ ∀i.
Remark 1.33. We will often assume that our measures are σ-finite; otherwise things can get too large.
Let f : M → R. Then we say f is measurable if f−1((a, b)) is a measurable set for any interval (a, b).
For a measure space (M,A, µ) and function f : M → R (where f is nonnegative), we define the integral
identical in form to the Lebesgue integral on R:∫

f dµ = lim
n→∞

∑
m

m

n
· µ
(
f−1

(
m

n
,
m+ 1
n

))
.

Then to extend this for general real functions, again define f = f+ − f−. We can also extend integration to
complex functions f : M → C by writing f = f1 + if2 for f1, f2 : M → R. We get exact analogues of the
monotone convergence theorem, the dominated convergence theorem, and the Riesz-Fisher theorem.
Let (M,AM , µ), (N,AN , ν) be measure spaces. Let M × N be the product space. Define the product
σ-algebra AM×N to be the smallest σ-algebra on M ×N that contains all product sets of the form A×B s.t.
A ∈ AM , B ∈ AN . Sets of this form are called measurable rectangles.
Theorem 1.34. If the above two measure µ, ν are σ-finite, there exists a unique measure µ× ν on AM×N
with the property (µ× ν)(A×B) = µ(A)ν(B) ∀A ∈ AM , B ∈ AN . This measure is the product measure of
µ, ν.
Theorem 1.35 (Fubini’s theorem). Assume (M,AM , µ), (N,AN , ν) are σ-finite. If f(x, y) is a measurable
function on M ×N , we have∫

M

(∫
N

f(x, y) dν(y)
)
dµ(x) =

∫
M×N

f(x, y) d(µ× ν) =
∫
N

(∫
M

f(x, y) dµ(x)
)
dν(y),

if any of the three integrals converges absolutely.
Two measures µ, ν on a measurable space (M,F) are mutually singular if ∃A ∈ A s.t. µ(A) = 0 and ν(Ac) = 0.
ν is absolutely continuous w.r.t. µ (ν ≪ µ) if ∀A ∈ F , ν(A) = 0 whenever µ(A) = 0.
Theorem 1.36 (Radon-Nikodym theorem). ν ≪ µ on (M,F) iff ν(A) =

∫
A
f dµ for some measurable f

and ∀A ∈ F . We call the function f = dν
dµ the Radon-Nikodym derivative of ν w.r.t. µ.

Theorem 1.37 (Lebesgue decomposition theorem). Given two fixed measure µ, ν, there exists a unique
decomposition ν = νac + νs s.t. νac ≪ µ and νs ⊥ µ.

1.10 Inner Product Spaces
Let V be a complex v.s. Assume that ∀v, w ∈ V , there exists a number ⟨v, w⟩ ∈ C, called an inner product
s.t.

(a) ⟨v, v⟩ ≥ 0 with equality iff x = 0;
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(b) ⟨v, w + u⟩ = ⟨v, w⟩+ ⟨v, u⟩;
(c) ⟨u, αv⟩ = α⟨u, v⟩;

(d) ⟨u, v⟩ = ⟨v, u⟩.
Then V is an inner product space (i.p.s.).
Remark 1.38. We also have ⟨αu, v⟩ = α⟨u, v⟩.

Example 1.39. Let V = C[0, 1]. Then if f1, f2 ∈ V , define ⟨f1, f2⟩ =
∫
f1f2.

If V is an i.p.s., x, y ∈ V are orthogonal if ⟨x, y⟩ = 0. If {vi}ki=1 ⊂ V (k can be ∞) is a set of orthogonal
vectors s.t. ⟨vi, vi⟩ = 1 ∀i, then {vi} is called an orthonormal set of vectors. For a vector v ∈ V , define
∥v∥ =

√
⟨v, v⟩.

Theorem 1.40 (Pythagorean theorem). Let {xi}ki=1 be an orthonormal set (k <∞). Then ∀x ∈ V ,

∥x∥2 =
∑
i

∥⟨x, xi⟩|2 +
∥∥∥∥∥x−∑

i

⟨xi, x⟩xi

∥∥∥∥∥
2

.

Corollary 1.41 (Bessel’s inequality). Let {xi}ki=1 be an orthonormal set (k <∞). Then ∀x ∈ V ,

∥x∥2 ≥
∑
i

|⟨x, xi⟩|2.

Corollary 1.42 (Schwarz’s inequality). |⟨x, y⟩| ≤ ∥x∥∥y∥ ∀x, y ∈ V .

Theorem 1.43 (Metric induced by a norm). If V is an i.p.s. and ∥x∥ =
√
⟨x, x⟩, then V with norm ∥x∥

satisfies the properties of being a n.l.s. Thus, we also have metric ρ(x, y) = ∥x− y∥.

2 Hilbert Spaces
If i.p.s. V is complete, then V is called a Hilbert space. Our canonical Hilbert space will be H.
Example 2.1. L2[0, 1] = functions f : [0, 1]→ C s.t.

∫
|f |2 <∞ with inner product ⟨f1, f2⟩ =

∫
f1f2 is a

Hilbert space.
Example 2.2. ℓ2 = sequences {xi} of complex numbers s.t.

∑
|xi|2 <∞ with inner product ⟨{xi}, {yi}⟩ =∑

xiyi is a Hilbert space.
Let V be a Hilbert space. and M be a closed subspace of V . Define M⊥ = {x ∈ V | x ⊥ v ∀v ∈M}. Then
M⊥ is a closed subspace of V .
Theorem 2.3 (Projection theorem). Every vector v ∈ H can be uniquely written as v = x+ y, where x ∈M
and y ∈M⊥.
Let T : H → C be linear and continuous. Then T is a continuous linear functional. The collection H∗ of all
such T ’s is the dual space of H.
Theorem 2.4 (Riesz representation theorem). Let T : H → C be a continuous linear functional. Then
∃!y ∈ H s.t. Tx = ⟨y, x⟩ ∀x ∈ H. Conversely, ∀y ∈ H, if we define Tx = ⟨y, x⟩, then T is a continuous
linear functional.
Recall that a collection S = {xi} ⊂ H is orthonormal if the xi are orthogonal to each other and have length
1. If S cannot be extended to a larger orthonormal set, then S is an orthonormal basis for H.
Let {xα}α∈A be a set. Note that if A is uncountable, a sum

∑
cαxα is defined (finite) iff at most a countable

number of terms in the sum are non-zero. We say that a countable sum
∑
cixi = y iff limn→∞ ∥

∑n
i=1 cixi −

y∥ = 0.
Remark 2.5. Now we can continue to talk about Hilbert spaces with uncountable bases.
Theorem 2.6. Let {xα}α∈A be an orthonormal basis (that could be uncountable). Then ∀y ∈ H, y =

∑
cαxα,

where cα = ⟨xα, y⟩. Further, ∥y∥2 =
∑
|cα|2. Also, if

∑
|cα|2 <∞ for some collection {cα}α∈A of constants,

then
∑
cαxα converges to an element of H.

8



Remark 2.7. Note that Hilbert spaces generalize our intuition of finite-dimensional vector spaces from
linear algebra.
Let {ui} be linearly independent vectors. We can construct orthonormal vectors {vi} which are special
combinations of {ui}. Define wi, vi by

w1 = u1 v1 = w1
∥w1∥

w2 = u2 − ⟨v1, u2⟩v1 v2 = w2
∥w2∥

w3 = u3 − ⟨v1, u3⟩v1 − ⟨v2, u3⟩v2 v3 = w3
∥w3∥

...
This is the Gram-Schmidt procedure, which is entirely analogous to the standard procedure from linear
algebra.
Let H1,H2 be Hilbert spaces. Let U : H1 → H2 be a linear map which is

(i) inner product preserving, i.e., ⟨Ux,Uy⟩ = ⟨x, y⟩;
(ii) onto, i.e., the range of U is H2;
(iii) one-to-one, i.e., v1 ̸= v2 =⇒ Uv1 ̸= Uv2.

Then U is called a unitary map. If there exists a unitary map U from H1 to H2, then H1 and H2 are
isomorphic (H1 ∼ H2). Alternatively, they can also be called unitarily equivalent.
Let (X, ρ) be a metric space. X is separable if it has a dense subset S which is countable.
Theorem 2.8. A Hilbert space H is separable iff there exists an orthonormal basis {xα}α∈A which is
countable.
Remark 2.9. We will mainly care about separable Hilbert spaces.
Theorem 2.10. Let H be a Hilbert space. We have the following:

(a) If H has a finite orthonormal basis {xi}ni=1, then H ∼ Cn.
(b) If H has a countable orthonormal basis {xi}∞

i=1, then H ∼ ℓ2.

2.1 Fourier Series
Let f be integrable on [−π, π]. We can show that if ϕn(x) = einx

√
2π , then {ϕn(x)}∞

n=−∞ is orthonormal.
Therefore, if f ∈ L2[−π, π], then

f(x) = 1√
2π
∑

dne
inx,

where dn = ⟨ϕn, f⟩ = 1√
2π

∫ π
−π e

−inxf(x) dx. Alternatively, we can write

f(x) =
∑

cne
inx,

where cn = dn√
2π .

Remark 2.11. We call fM (x) =
∑M
n=−M cne

inx. Then limM→∞ fM (x) = f(x) in L2.

Theorem 2.12. If f ∈ L2[−π, π], then fM →M→∞ f in L2 norm, i.e., ∥fM − f∥2
2 =

∫
|fM − f |2

M→∞−−−−→ 0.

Remark 2.13. L2[−π, π] is a Hilbert space.
We can also use Euler’s formula to show that the functions consisting of

1√
2π
,

{
1√
π

cosnx
}∞

n=1
,

{
1√
π

sinnx
}∞

n=1
equivalently forms an orthonormal basis. Similar analysis then gives

f(x) = 1
2a0 +

∞∑
n=1

an cosnx+ bn sinnx,

where an = 1
π

∫ π
−π f(x) cosnx dx, bn = 1

π

∫ π
−π f(x) sinnx dx.

Remark 2.14. In 1966, Carleson showed that convergence of Fourier series occurs pointwise a.e.
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2.2 Applications in Quantum Mechanics
There are two classical views of quantum mechanics: Heisenberg’s and Schrodinger’s.
Heisenberg viewed all possible states of a system forming a vector space, where all states are infinite vectors
in a Hilbert space VH . Suppose v = (x1, x2, . . . ) ∈ VH . Then |xi|2 represents the probability that particles
are in a particular configuration, with each i representing a different configuration. For example, if v1, v2 are
two possible states, then 1

2v1 + 1
2v2 is another possible state. Then the time evolution of v = v(t) is given by

a matrix equation
dv

dt
= Hv,

where H is an infinite matrix.
Now let VS be the set of all functions on some set. For the sake of simplicity, assume VS = {ψ | ψ :
[−π, π] s.t.

∫
|ϕ|2 <∞}. We interpret |ψ(x)|2∆x as the probability a particle is in the interval ∆x. Actually,

ψ = ψ(x, t) satisfies a partial differential equation for time evolution:

−i∂ψ(x, t)
∂t

= ∂2ψ(x, t)
∂x2 .

Equivalently, we can define for a fixed t, Ψ(t) = ψ(x, t) ∈ L2(R).
Schrodinger showed that the two views of quantum mechanics were unitarily equivalent, i.e. there exists a
bijective unitary operator U : VS → VH such that UΨ = v.

3 Banach Spaces
Let (X,µ) be a measure space. Given a function f : X → R, we define the essential supremum of f (ess sup f)
to be the maximum value of |f(x)|, except for sets of measure 0. Precisely,

ess sup f = inf{a | |f(x)| ≤ a ∀x a.e.}

If a n.l.s. V is complete, then V is called a Banach space.
Example 3.1. Let 1 ≤ p <∞, and (X,µ) be a measure space. Let Lp = {f : X → C |

∫
|f |pdµ <∞}. This

is a n.l.s.
Example 3.2. IfH is a Hilbert space, thenH can be considered a Banach space using the norm ∥x∥ =

√
⟨x, x⟩.

Theorem 3.3 (Riesz-Fisher theorem). Lp(X) is complete.

Theorem 3.4 (Holder’s inequality). Let 1 ≤ p ≤ ∞, and 1
p + 1

q = 1. Let f ∈ Lp(X), g ∈ Lq(X). Then
fg ∈ L1(X), and ∥fg∥1 ≤ ∥f∥p∥g∥q.

Corollary 3.5. If f ∈ Lp(X) for 1 ≤ p ≤ ∞, then if 1
p + 1

q = 1, ∥f∥p = sup{∥fg∥1 | ∥g∥q = 1}.

Corollary 3.6 (Triangle inequality). If 1 ≤ p ≤ ∞, we have ∥f + g∥p ≤ ∥f∥p + ∥g∥p.
Define Lp(X)∗ to be the continuous linear functionals on Lp(X).
Theorem 3.7 (Riesz representation theorem). Let (X,µ) be a σ-finite measure space. Let 1 ≤ p <∞. Let
L ∈ Lp(X)∗. Then ∃!g ∈ Lq(X) s.t.

L(f) =
∫
f(x)g(x) dµ(x),

and furthermore, ∥g∥q = ∥L∥.

3.1 Dual Spaces
Let X be a n.l.s. Let {xn} ⊂ X be a sequence. Then {xn} is summable if limN→∞

∑N
n=1 xn =

∑
xn exists.

{xn} is absolutely summable if
∑
∥xn∥ converges.

Theorem 3.8. X is complete iff every absolutely summable sequence is summable.

Given a Banach space X, the dual space X∗ is also a Banach space. To see this, note that X∗ = L(X,C),
which is a Banach space.
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Example 3.9. Let (M,µ) be a measure space. Then Lp(M) be the functions f on M s.t. ∥f∥p = (
∫
|f |p)1/p <

∞ is a Banach space under the norm ∥f∥p for 1 ≤ p < ∞. Then ∃g ∈ Lq(M) where 1/q + 1/p = 1 s.t.
Lf =

∫
X
gfdµ, where ∥L∥ = ∥g∥q. Thus, L ∈ Lp(M)∗ ←→ g ∈ Lq(M). Let this correspondence A. It is

easy to check that A is linear and bijective. Also, the operator norm ∥L∥ = ∥g∥q, so L is isometric. Hence,
Lp(X)∗ and Lq(X) are the same Banach space under this correspondence.
Two n.l.s. X,Y are isomorphic if there exists a linear map A : X → Y that is bijective and isometric. This
means that X,Y are effectively the same space.
Example 3.10. Let H be a Hilbert space. We have shown that if L ∈ H∗, then ∃y ∈ H s.t. Lx = ⟨y, x⟩ ∀x.
Thus, we have an analogous correspondence M where L ∈ H∗ ←→ y ∈ H. M forms a bijection between
H∗,H, ∥L∥H∗ = ∥y∥H, so M is an isomorphism. Hence, H∗,H are isomorphic.
Claim 3.11. Let ℓ1 = {{ai} |

∑
|ai|1 <∞} and ℓ∞ = {λ = {λi} | ∥λ∥∞ = sup |λi| <∞}. Then ℓ∗

1 = ℓ∞.

Let X be a Banach space. Then X∗∗ is the space of linear functionals on X∗, the double dual space.
Theorem 3.12. Let X be a Banach space and X∗ be its dual space. Fix x ∈ X, and define the following
linear functional x̃ defined on λ ∈ X∗ by x̃(λ) = λ(x). Define the map J : X → X∗∗ by Jx = x̃. Then J is
an isomorphism of X onto some subspace of X∗∗ (possibly all of X∗∗).

If J maps X onto all of X∗∗, we say X is reflexive.

3.2 The Hahn-Banach Theorem
Let S be a set. A relation ≺ on S is a partial order if:

(a) x ≺ x ∀x ∈ S

(b) x ≺ y, y ≺ z =⇒ x ≺ z

(c) x ≺ y, y ≺ x =⇒ x = y.
If ∀x, y ∈ S, x≺ y or y ≺ x, s is linearly ordered. Suppose X ⊂ S, and p ∈ S satisfies the condition that
x ≺ y ∀x ∈ X. Then we say p is an upper bound for X. Suppose that m ∈ X, and ̸ ∃x ̸= m s.t. m ≺ x, then
we say that m is a maximal element in S.
Lemma 3.13 (Zorn’s lemma). Let S be a set with a partial order, s.t. every linearly ordered subset X ⊂ S
has an upper bound p. Then X has a maximal element in S.

Theorem 3.14 (Hahn-Banach theorem). Let X be a vector space over the real numbers. Let p : X → R
be a function s.t. ∀α ∈ [0, 1], x ∈ X, p(αx+ (1− α)y) ≤ αp(x) + (1− α)p(y). Let λ be a linear functional
defined on subspace Y ⊂ X s.t. λ(x) ≤ p(x) ∀x ∈ Y . Then there is a linear functional Λ : X → R s.t.
Λ(x) = λ(x) ∀x ∈ Y and Λ(x) ≤ p(x) ∀x ∈ X.

Corollary 3.15. Let X be a n.l.s. Let Y ⊂ X be a subspace, and λ be a bounded linear functional on Y .
Then there exists a bounded linear functional Λ on X which extends λ s.t. ∥Λ∥ = ∥λ∥.

3.3 Main Theorems on Banach Spaces
Recall if M is a metric space, A ⊂M , then Ao is the interior of A, i.e., the largest open set contained in A.
A set A ⊂M is nowhere dense if A has an empty interior, i.e., A contains no open set.
Example 3.16. Suppose A = {xi}ni=1 ⊂ R, i.e., a finite sequence. Then A is nowhere dense since A = A,
and A contains no open balls.
Example 3.17. Q ⊂ R is not nowhere dense because Q = R and R does contain open balls.
Proposition 3.18. Let X,Y be n.l.s.’s. Let T : X → Y be linear. Then T is bounded iff T−1(B) has
nonempty interior, where B = {y ∈ Y | ∥y∥ ≤ 1} is the closed unit ball of Y .

Recall that in a metric space X, A ⊂ X is first category if A = ∪An s.t. An are nowhere dense. A is second
category if it is not first category.
Theorem 3.19 (Baire category theorem). A complete metric space is never the union of a countable number
of nowhere dense sets, i.e., it is second category.

Theorem 3.20 (Banach-Steinhaus theorem). Let X be a Banach space, Y be a n.l.s., and F be a family of
bounded linear transformations from X to Y . Suppose that ∀x ∈ X, Sx = {∥Tx∥ | T ∈ F} is a bounded set
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in R. Then the set
S = {∥T∥ | T ∈ F}

is also bounded.
Theorem 3.21 (Open mapping theorem). Let T : X → Y be a bounded linear transformation, where X,Y
are Banach spaces. If E is an open set in X, then T (E) is an open set in Y .
Corollary 3.22 (Inverse mapping theorem). Let X,Y be Banach spaces. Let T : X → Y be a linear
transformation which is continuous and a bijection. Then T−1 is continuous.
Let X,Y be n.l.s’s. Define Z = X ⊕ Y = {(x, y) | x ∈ X, y ∈ Y } with the following properties:

(i) If z1 = (x1, y1), z2 = (x2, y2), then z1 + z2 = (x1 + x2, y1 + y2).
(ii) If c ∈ C, z = (x, y), then cz = (cx, cy).

We can show Z is a vector space. If z = (x, y), then define the norm ∥z∥ = ∥x∥ + ∥y∥, so Z is a n.l.s.
If X,Y are Banach spaces, then Z also is a Banach space. Let T : X → Y . Then the graph of T is
G = {(x, Tx) | x ∈ X} ⊂ Z.
Theorem 3.23 (Closed graph theorem). Let X,Y be Banach spaces, Z = X ⊕ Y , and T : X → Y be a
linear map. Then T is bounded iff the graph of T is a closed set in Z.

4 Fourier Analysis and Wavelet Theory
4.1 Basic Properties of the Fourier Transform
Let F denote the Fourier transform operator. For a function f ∈ L2(−∞,∞), we can write

f(x) = 1√
2π

∫ ∞

−∞
c(ξ)eixω dω,

where f̂(ω), called the Fourier transform of f is

f̂(ω) = 1√
2π

∫ ∞

−∞
f(x)e−ixω dx.

Consider a discontinuous function f and try to apply the first few partial sums of its Fourier series. It turns
out that a single discontinuity results in large errors appearing near the singularity, which propagates the
error elsewhere too! In general, singularities cause high-frequency components so that the Fourier series has
large cn for large n, which is bad for convergence. Wavelets can deal with the problem of localization of
singularities.
There are several advantages of Fourier series. Frequency content are displayed in sizes of coefficients an
and bn. It is also easy to write derivatives of f in terms of series. However, Fourier series is usually not
well-adapted for time-frequency analysis.
Theorem 4.1 (Plancherel’s theorem). We have the following:

(i) The Fourier transform is a one-to-one correspondence from L2 to itself.

(ii) The Fourier transform preserves inner products, i.e., if f̂ , ĝ are the Fourier transforms of f, g,
respectively, then ⟨f̂(ω), ĝ(ω)⟩ = ⟨f(x), g(x)⟩.

(iii) Thus, ∥f(x)∥2 = ∥f̂(ω)∥2.
If we the Fourier series of a function f ∈ L2[−π, π], the above theorem has an analog on [−π, π]:
Theorem 4.2 (Plancherel’s theorem for Fourier series). We have the following:

(i) The correspondence between functions f ∈ L2[−π, π] and the coefficients {ck} of their Fourier series
is a one-to-one correspondence, if we restrict

∑
c2
k <∞.

(ii) Furthermore,
∑
∥ck∥2 = 1

2π∥f(x)∥2.
Th convolution of two functions f(x) and g(x) is defined to be

(f ∗ g)(x) =
∫ ∞

−∞
f(x− y)g(y) dy.
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Proposition 4.3 (Properties of the Fourier transform). Let f̂ = F(f). Then, the Fourier transform has the
following properties:

(i) F(f(x− c)) = e−iωcf̂(ω).

(ii) F(f ′(x)) = iωf̂(ω).

(iii) F(f(cx)) = 1
c f̂(ω/c).

(iv) F(xf(x)) = i[f̂(ω)]′.

(v) F((f ∗ g)(x)) =
√

2πf̂(ω)ĝ(ω).

(vi) F(f(−x)) = f̂(ω).
Lemma 4.4. The Fourier transform of an integrable function is absolutely continuous.
Theorem 4.5 (Decay rate of the Fourier transform). We have the following:

(i) If a function ψ(x) has n derivatives which are integrable and which go to 0 at ∞, then the Fourier
transform satisfies

|ψ̂(ω)| ≤ K(1 + |ω|)−n. (3)
Conversely, if Equation (3) holds, then ψ(x) has at least n− 2 derivatives.

(ii) Similarly, if ψ̂(ω) and its first n derivatives are integrable and go to 0 at ∞, then

|ψ(x)| ≤ K(1 + |x|)−n. (4)

Conversely, if Equation (4) holds, then ψ̂(ω) has at least n− 2 derivatives.

4.2 Wavelet Transform
Consider a fixed function h(x). Then form all translations by integers, and all scalings by powers of 2:

hjk(x) = 2j/2h(2jx− k).
Then let

cjk =
∫
f(x)hjk(x) dx = ⟨f, hjk⟩.

If h is chosen properly, then we can get back f from the cjk:

f(x) =
∑
j,k

cjkhjk(x).

We will show that it is possible to find a function h s.t. the functions hjk form a perfect basis for functions on
R, that is, the hjk are orthogonal and any function can be represented by the hjk. As a result, wavelet series
are like Fourier series, but hjk are better, e.g., non-zero only on a small sub-interval, compactly supported.

4.3 Haar Wavelets
Consider basis function ϕ(x) = χ[0,1], the basic pixel. We want to build all other functions out of this and
translates ϕ(x−k) for k ∈ Z. Define V0 to be all square integrable functions of the form g(x) =

∑
k akϕ(x−k),

i.e., the square integrable functions which are constant on integer intervals. To get better approximations, we
shrink the pixels. Define Vj to be all square integrable functions of the form g(x) =

∑
k akϕ(2jx− k), i.e.,

the square-integrable functions which are constant on 2−j length intervals.
Then define the wavelet

ψ(x) =


1 if 0 ≤ x < 1/2
−1 if 1/2 ≤ x < 1
0 otherwise.

We define the family of Haar wavelets by translating and stretching the basic wavelet above. In general, we
have

ψjk := 2j/2ψ(2jx− k).
It is easy to show that the ψjk are orthogonal. Can any function be represented as a combination of Haar
wavelets? Recall the definition of Vj . Notice that we have
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(a) · · · ⊂ V−2 ⊂ V−1 ⊂ V0 ⊂ V1 ⊂ V2 ⊂ · · · .

(b) ∩Vn = {0}.

(c) ∪Vn is dense in L2(R).

(d) f(x) ∈ Vn =⇒ f(2x) ∈ Vn+1.

(e) f(x) ∈ V0 =⇒ f(x− k) ∈ V0.

(f) There exists an orthogonal basis for the space V0 in the family of functions ϕ0k := ϕ(x− k) where
k ∈ Z. This function ϕ is (in this case) ϕ = χ[0,1](x). ϕ is called a scaling function.

A sequence of spaces {Vj} together with a scaling function ϕ which generates V0 s.t. (a)-(f) above are satisfied
is called a multiresolution analysis (MRA).

Recall that a vector space V is a direct sum M1 ⊕M2 of subspaces M1,M2 if every vector v ∈ V can be
written uniquely as a sum of vectors w1 ∈M1 and w2 ∈M2. V is an orthogonal direct sum M1 ⊕M2 if the
above holds and in addition M1 and M2 are orthogonal.

Theorem 4.6. Assume V is a Hilbert space and subspaces M1 ⊥M2. Assume also that V = M1 +M2, i.e.,
∀v ∈ V , ∃mi ∈Mi s.t. v = m1 +m2. Then V = M1 ⊕M2 is an orthogonal direct sum of M1 and M2.

If V = W1 ⊕W2 is an orthogonal direct sum, we also write W1 = V ⊖W2 and W2 = V ⊖W1.

Recall the definition of Vj . Since V0 ⊂ V1, there exists a subspace W0 = V1 ⊖ V0 s.t. V0 ⊕W0 = V1. Note
that generally, we have

Wj−1 = Vj ⊖ Vj−1.

Lemma 4.7. In a Hilbert space H, if wk are orthogonal vectors and the sum
∑
k ∥wk∥2 <∞, then the sum∑

k wk converges.

By definition of direct sum, we have

Vn =
n−1⊕
k=−∞

Wk,

V ⊥
n =

∞⊕
k=n

Wk.

As a result, we have L2 =
⊕∞

−∞ Wn, so we have:

Theorem 4.8. Every vector f ∈ L2(−∞,∞) can be uniquely expressed as a sum
∑∞
j=−∞ wj , where wj ∈Wj .

What are the Wj spaces? Consider W0. Define A to be the functions which are constant on half-integers and
take equal and opposite values on half of each integer intervals. We claim that W0 = A. In general, we can
show that Wj are the square integrable functions that take on equal and opposite values on each half of the
dyadic intervals of length 2−j−1.

What is a basis for Wj? We can show that a basis for Wj is {2j/2ψ(2jx − k)}∞
k=−∞. Define ψjk(x) =

2j/2ψ(2jx− k). Using Theorem 4.8, we can show that every f ∈ L2 can be written as

f =
∑
j

∑
k

ajkψjk(x).

Note that the ψjk form an orthonormal basis for L2.

4.4 General Multiresolution Analysis
Suppose we use a different pixel function ϕ(x). Can we use this function to build approximations to general
functions?

Consider the following assumptions. |ϕ(x)| has a finite integral s.t.
∫
ϕ(x)dx ̸= 0. Suppose ϕ(x) is a

normalized function s.t.
∫
ϕ(x)2dx = 1.
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In the general construction, define V0 to be all L2 combinations of ϕ and its translates, i.e., V0 = {f(x) =∑
akϕ0k(x) | ak ∈ R, f ∈ L2} with ϕ0k(x) = ϕ(x− k). Define V1, V2, . . . in a similar manner, i.e.,

Vj = {f(x) =
∑
k

akϕ(2jx− k) | ak ∈ R, f ∈ L2}.

Note that f(x) ∈ Vn =⇒ f(2x) ∈ Vn+1.
We can show that the basis {ϕ(x − k)} for V0 is orthogonal. Note that this is not automatic because
ϕ(x− k) and ϕ(x− k− 1) can overlap now. It is possible to show that

∑
|ϕ̂(ω − 2nπ)|2 = 1

2π is equivalent to
orthonormality of {ϕ(x− k)}.
What must be true of ϕ for V0 ⊂ V1 in general? We need ϕ(x) to be a linear combination of translates of√

2ϕ(2x) =
∑
k hkϕ1k(x), where ϕ1k(x) = 21/2ϕ(2x− k).

Example 4.9. Suppose ϕ(x) is the scaling function of the Haar wavelet, then we know that

ϕ(x) = ϕ(2x) + ϕ(2x− 1)

= 1√
2
ϕ10(x) + 1√

2
ϕ11(x)

= h10ϕ10(x) + h11ϕ11(x).

Thus, in this case all h’s are 0 except h10 and h11. Note that in general that since this is an orthonormal
expansion,

∑
k h

2
k = ∥ϕ(x)∥2 <∞.

In general, we have

ϕ(x) =
∞∑

k=−∞

hkϕ1k(x) = lim
N→∞

N∑
k=−N

hkϕ1k(x) := lim
N→∞

FN (x)

in the sense that ∥∥∥∥∥ϕ(x)−
N∑

k=−N

hkϕ1k(x)
∥∥∥∥∥→ 0.

Corollary 4.10 (Corollary of Plancherel theorem). The Fourier transform is a bounded linear transformation.
In particular, if the sequence of functions {FN (x)} converges in L2 norm, then

F
(

lim
n→∞

FN

)
(ω) = lim

N→∞
F(FN )(ω)

in L2 norm, i.e., Fourier transforms commute with limits.

It follows that F (
∑
hkϕ1k(x)) =

∑
hkF(ϕ1k(ω)). If F(ϕ)(ω) := ϕ̂(ω), then generally

F(ϕjk)(ω) = 2−j/2e−iωk/2j

ϕ̂(ω/2j).

Then we can show that

ϕ̂(ω)(x) =
∞∑

k=−∞

hk
1√
2
e−ik(ω/2)ϕ̂(ω/2).

Define m(ω/2) =
∑
hk

1√
2e

−ik(ω/2). Note that m is 2π-periodic. Also note that m(ω) ∈ L2[0, 2π], so

ϕ̂(ω) = m(ω/2)ϕ̂(ω/2). (5)

This condition exactly summarizes our demand that V0 ⊂ V1. Then it follows that Vj ⊂ Vj+1 in general.
Now let us introduce some preliminaries. Given a Hilbert space H and a closed subspace V , for f ∈ H,
write f = v + v⊥, where v ∈ V, v⊥ ∈ V ⊥. The operator P defined by Pf = P (v + v⊥) = v is the orthogonal
projection onto V .
Example 4.11. Suppose V ⊂ L2[−π, π] is the set of even functions. Then for f ∈ L2, Pf(x) = feven(x) =
f(x)+f(−x)

2 .
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4.5 General Wavelets
Now how do we construct new wavelets? Recall that the condition · · · ⊂ V−1 ⊂ V0 ⊂ V1 ⊂ · · · is equivalent
to ϕ̂(ω) = m0(ω/2)ϕ̂(ω/2).
Also recall that the condition there exists an orthogonal basis for V0 in the family of functions ϕ(x− k) is
equivalent to

∑
|ϕ̂(ω + 2πk)|2 = 1

2π . If it is also the case that ϕ ∈ L2(R), then ∩Vj = {0} and ∪Vj = L2(R).

Theorem 4.12 (Conditions for an MRA). The conditions ϕ̂(ω) = m(ω/2)ϕ̂(ω/2) and
∑
|ϕ̂(ω + 2πk)|2 = 1

2π
are necessary and sufficient for the spaces {Vj} and scaling function ϕ to form a multiresolution analysis.

We can also show that |m0(ω/2)|2 + |m0(ω/2 + π)|2 = 1. Also, since {ϕjk(x)} form a basis for Vj , so the
wavelets ψjk will form a basis for Wj .
Furthermore, if we consider the Fourier transform is defined as follows

ψ̂(ω) = eiω/2m0(ω/2 + π)ϕ̂(ω/2). (6)

We can show that

ϕ̂(ω) = 1√
2π

∞∏
j=1

m0
(
ω/2j

)
. (7)

Hence, if we can find m0(ω), then we can also find the scaling function ϕ.

Example 4.13. Consider the Haar wavelet. We have ϕ̂(ω) = 2√
2πω e

−iω/2 sin ω
2 , so by Equation (5), we have

ϕ̂(ω) = e−iω/4 cos ω2 . Then by Equation (6), we have

ψ̂(ω) = − 4i√
2πω

eiω/2 sin2 ω

4 .

4.6 Meyer Wavelets
The Meyer wavelet is defined by the scaling function

ϕ̂(ω) = 1√
2π


1 if |ω| ≤ 2π

3
cos
[
π
2 ν( 3

2π |ω| − 1)
]

if 2π
3 ≤ |ω| ≤

4π
3

0 otherwise,

where ν is any infinitely differentiable non-negative function satisfying

ν(x) =


0 if x ≤ 0
1 if x ≥ 1
smooth transition in ν : 0→ 1 as x : 0→ 1,

where ν(x) + ν(1− x) = 1. We can verify that it has all the right properties in Theorem 4.12.

Note that since ϕ̂(ω)/ϕ̂(ω/2) =
√

2πϕ̂(ω) in [−2π, 2π], we can define m0(ω/2) =
√

2πϕ̂(ω) if ω ∈ [−2π, 2π].
The definition is ambiguous outside this interval since both the numerator and denominator is zero. Therefore,
define m0 by periodic extension by adding all possible translates of the bump ϕ̂(ω) to make it 4π-periodic:

m0(ω/2) =
√

2π
∑
k

ϕ̂(ω + 4πk).

We can show that

ψ̂(ω) = 1√
2π


eiω/2 sin

[
π
2 ν
( 3

2π |ω| − 1
)]
|ω| ∈

[ 2π
3 ,

4π
3
]

eiω/2 cos
[
π
2 ν
( 3

4π |ω| − 1
)]
|ω| ∈

[ 4π
3 ,

8π
3
]

0 otherwise.

Proposition 4.14 (Properties of the Meyer wavelet). The Meyer wavelet ψ(x) has the following properties:

• ψ̂(ω) is infinitely differentiable, and one can check that all derivatives are 0 from both sides at the
break.
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• The support of ψ̂(ω) is on a finite interval.
• ψ(x) decays at ∞ faster than any inverse power of x.
• ψ(x) is infinitely differentiable.

Claim 4.15. ψjk(x) = 2j/2ψ(2jx− k) forms an orthonormal basis for L2(R).

4.7 Daubechies Wavelets
Theorem 4.16 (Cohen, 1990). If the trigonometric polynomial m0 satisfies m0(0) = 1, |m0(ω)|2 + |m0(ω +
π)|2 = 1, and m0(ω) ̸= 0 for |ω| ≤ π/3, then

∑
|ϕ̂(ω + 2πk)|2 = 1

2π is satisfied by Equation (7).
A choice of m0 is

m0(ω) = 1
8 [(1 +

√
3) + (3 +

√
3)e−iω + (3−

√
3)e−2iω + (1−

√
3)e−3iω].

Recall that once we have an orthonormal wavelet basis {ψjk}, we can write any function

f(x) =
∑
j,k

ajkψjk(x),

where ajk = ⟨f, ψjk⟩. Numerically, we can find ajk using numerical integration on the computer. There are
very efficient methods of doing this: for one wavelet, all others are rescalings and translations of the original
one.

4.8 General Properties of Orthonormal Wavelet Bases
Theorem 4.17. If the basic wavelet ψ(x) has exponential decay, then ψ cannot be infinitely differentiable.
Recall that the Haar wavelets had compact support. When will wavelets have compact support in general?
For ϕ(x) ∈ V0 ⊂ V1, we have for some choice of hk:

ϕ(x) =
∑
k

hk
√

2ϕ(2x− k).

The constants hk relate V0 to V1.
Theorem 4.18. Suppose the hk are defined as above. ψ, ϕ have compact support iff finitely many hk ̸= 0.
Suppose we start with a finite sequence of numbers hk. Construct

m0(ω) =
∑
k

hk√
2
e−ikω,

ϕ̂(ω) = 1√
2π

∞∏
j=1

m0(2−jω),

ψ̂(ω) = eiω/2m0(ω/2 + π)ϕ̂(ω/2).

Finally, take the inverse Fourier transform to get the wavelet ψ(x).
Do wavelet expansions actually converge to the function being expanded at individual points?
Theorem 4.19. Assume that scaling function ϕ is bounded by an integrable decreasing function. If f ∈ L2,
then the wavelet expansion of f converges pointwise a.e. to f .
How fast do wavelet expansions converge to f? It depends on how “regular” the wavelet is.
Theorem 4.20. In d dimensions, the wavelet expansion of f converges to a smooth f in such a way that the
partial sum ∑

j≤N,k

ajkψjk(x)

differs from f(x) at each x by at most C · 2−Ns iff∫
|ψ̂(ω)|2|ω|−2s−d dω <∞.
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4.9 Continuous Wavelet Transforms
Consider a function ψ(x) ∈ L2 s.t. ψ decays faster than 1/x2 at ∞ and

∫
ψ(x)dx = 0. Then we can define

an integral wavelet expansion using rescalings of ψ(x) with rescaled functions
ψa,b = |a|1/2ψ(a(x− b)),

where a, b ∈ R. Thus, a is a dilation parameter and b is a translation parameter. Now define the wavelet
transform as follows:

(Wf)(a, b) = ⟨ψa,b, f⟩ =
∫
ψa,b(x) f(x) dx.

How do we recover f from (Wf)(a, b)?
Claim 4.21. We have

f(x) = C

∫ ∞

−∞

∫ ∞

−∞
(Wf)(a, b)ψa,b da db,

where
C−1 = −2π

∫
|ω|−1|ϕ̂(ω)|2 dω.

4.10 Application of the Integral Wavelet Transform: Image Reconstruction
Dyadic wavelet transforms are a variation on the continuous wavelet transform. In this case, we only allow
dilations by powers of 2:

ψj,b(x) = 2jψ(2j(x− b)).
Define ψj(x) = 2jψ(2jx). Then this dyadic wavelet transform is defined by

(Wf)(j, b) =
∫
f(x)ψj,b(x) dx.

= (f ∗ ψj)(b).
Assume that the Fourier transform ψ̂(ω) satisfies

∑∞
−∞ |ψ̂(2jω)|2 = 1

2π . Then under these assumptions, we
can show that we can recover f in this casel. The recovery formula for f is

f(x) =
∞∑

j=−∞
(Wf)(j, x) ∗ ψj(−x).

Given f(x), what sort of function is the wavelet transform (Wf)(j, b) as a function of j and b?
Suppose V is the collection of possible wavelets. When is an arbitrary function g(j, b) a wavelet transform?
We can check that g must satisfy a so-called reproducing kernel equation. g(j, b) is the wavelet transform of
some function iff

g(j, b) = (Kg)(j, b) :=
∞∑

ℓ=−∞

ψj(b) ∗ ψℓ(−b) ∗ g(ℓ, b).

Let us consider recovering f from the wavelet transform. We can recover f as a sum of f at different scales:

f =
∞∑

j=−∞
(Wf)(j, x) ∗ ψj(−x).

Since ψ is a known function, we can recover f from a sequence of functions. Assume a(x) is a cubic B-spline.
Then we let the wavelet be its first derivative: ψ(x) = a′(x).
Conjecture 4.22. We can recover f not from knowing all of the functions W (j, x), but just from knowing
their maxima and minima.
Meyer proved this conjecture false for certain choices of ψ. However, it is true for the derivative of the
Gaussian: ψ(x) = [e−x2 ]′.
Assume that we are given only the maxima and minima points of the function W (j, x) for each j. How do we
recover f?
Define Γ to be the set of all functions g(j, x) which have the same set of maxima and minima (in x) as W (j, x)
for each j and V to be the set of all g(j, x) which are wavelet transforms of some function of x. The idea is
that Wf ∈ Γ ∩ V .
The algorithm is as follows:
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1. Start with only the maxima information about Wf(j, x). Call M the maxima information.
2. Make an initial guess of the full Wf(j, x) using any function g1(j, x) which has the same maxima as
Wf(j, x).

3. Find the closest function g2(j, x) ∈ V to g1(x).
4. Find the closest function g3(j, x) ∈ Γ to g2.
5. Continue this way: at each stage j: find the closest function gj to gj−1 in the space V or Γ

(alternatingly).

6. Eventually gj(j, x) j→∞−−−→Wf(j, x).
The conclusion is that we can recover the wavelet transform of a function just by knowing its maxima in x.
As a result, we can use this for compression of images.

4.11 Wavelets and Wavelet Transforms in Two Dimensions
MRA and wavelets can be generalized to higher dimensions. The usual choice for a two-dimensional scaling
function or wavelet is a product of two one-dimensional functions.
For example, ϕ2(x, y) = ϕ(x)ϕ(y) and scaling equation has form ϕ(x, y) =

∑
k,l hkl · 2ϕ(2x− k, 2y − l). Since

both ϕ(x), ϕ(y) satisfy the scaling equation, we have hkl = hkhl. Thus the two dimensional scaling equation
is the product of two one-dimensional scaling equations. Hence, we can proceed analogously to construct
wavelets using one-dimensional functions. However, now there are three types of basic wavelets:

ψ(I)(x, y) = ϕ(x)ψ(y)
ψ(II)(x, y) = ψ(x)ϕ(y)
ψ(III)(x, y) = ψ(x)ψ(y).

5 Topological Spaces
A topological space is a set S together with a distinguished family F of subsets of S called open sets with the
following properties:

(i) A,B ∈ F =⇒ A ∩B ∈ F .
(ii) Aβ ∈ F for β ∈ B =⇒ ∪β∈BAβ ∈ F .
(iii) ∅, S ∈ F .

If x ∈ S, a set N is a neighborhood of x if there exists an open set U s.t. x ∈ U ⊂ N . A set F ⊂ S is closed
if F c is open.
Let S, T be two topological spaces. A function f : S → T is continuous if f−1(U) is open for any open set
U ⊂ T .
A set A ⊂ S is dense if every open set in S contains at least one point in A. S is separable if it contains a
countable subset A which is dense in S.
A family N of subsets of S is a neighborhood base at x ∈ S if each N ∈ N is a neighborhood of x and for any
other neighborhood M containing x, ∃N ∈ N s.t. N ⊂M .
A family N of subsets of S is a base for S if every open set M ⊂ S can be expressed as a union of sets in N ,
i.e.,

M =
⋃

A∈N :A⊂M
A.

S is first countable if each x ∈ S has a countable neighborhood base. S is second countable if S has a
countable base.
We have the following:

(a) A topological space is called a T1 space iff ∀x, y s.t. x ̸= y, there exists an open set O with
y ∈ O, x ̸∈ O. Equivalently, a space is T1 iff {x} is closed ∀x.

(b) A topological space is called Hausdorff (or T2) if ∀x, y, there exists disjoint open sets O1, O2 s.t.
x ∈ O1, y ∈ O2.
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(c) A topological space is called regular (or T3) iff it is T1 and ∀x and C closed with x ̸∈ C, there
exists open sets O1, O2 s.t. x1 ∈ O1, C ⊂ O2, O1 ∩O2 = ∅. Equivalently, a space is T3 if the closed
neighborhoods of any point are a neighborhood base.

(d) A topological space is called normal (or T4) iff it is T1 and ∀C1, C2 closed with C1 ∩ C2 = ∅, there
exists open sets O1, O2 with C1 ⊂ O1, C2 ⊂ O2, O1 ∩O2 = ∅.

Proposition 5.1. T4 =⇒ T3 =⇒ T2 =⇒ T1.
Proposition 5.2. We have the following:

(i) Every metric space is first countable.
(ii) A metric space is second countable iff it is separable.

(iii) Any second countable topological space is separable.
A topological space is called disconnected iff it contains a nonempty proper subset which is both open and
closed. Equivalently, a topological space is disconnected iff it can be written as the union of two disjoint
nonempty closed sets.

5.1 Nets
Nets are generalizations of sequences appropriate to general topological spaces, not just metric spaces.
Example 5.3. Consider the limit limn→∞

n
n+1 where n ∈ N. This is a limit of a sequence. Then limx→∞

x
x+1

where x ∈ R is a limit of a net.
A directed system is a set I together with an order ≺ on I which satisfies

(a) if α, β ∈ I, ∃γ ∈ I s.t. α ≺ γ, β ≺ γ.
(b) ≺ is a partial ordering.

A net in S is a set {xα}α∈I ⊂ S, where I is a directed sequence. If I = N, then the net is called a sequence.
Example 5.4. I can be the collection of all subsets of a set A. If α, β ∈ I, then α ≺ β if α ⊂ β.
Define xα = 1

|α| ∈ S = R. Then {xα} is a net, and I is a directed system. A net {xα} converges to a point
x ∈ S if for any neighborhood N of x, ∃β s.t. xα ∈ N for α ≻ β.
Theorem 5.5. Let A ⊂ S, where S is a topological space. Then a point x ∈ A iff there exists a net
{xα}α∈I ⊂ A s.t. xα → x.
Theorem 5.6. If S, T are topological spaces. f : S → T is continuous iff for every net {xα} ⊂ S which
converges, the net {f(xα)} ⊂ T also converges.
Theorem 5.7. In a Hausdorff space, any net {xα} can have at most one limit.
A net {yβ}β∈J is a subnet of the net {xα}α∈I if

(a) {yβ}β∈J ⊂ {xα}α∈I .
(b) ∀α ∈ I, ∃β ∈ J s.t. if β′ ≻ β, then yβ′ = xα′ for an α′ ≻ α.

Proposition 5.8. If a net xα → x, then every subnet yβ of xα also converges to x.
Let (S,F) be a topological space. Let A ⊂ S. Define FA = {O ∩A | O ∈ F}. Then (A,FA) is a topological
space, and FA is called the relative topology on A.

5.2 Compactness
Given a collection of sets C, we say that C is a cover of (or covers) another set F if F is contained in the
union of the sets in C. We say that C is an open cover of F if all sets in C are open. A set A ⊂ S is compact
if any open cover of A has a finite subcover.
Theorem 5.9 (Heine-Borel theorem). S ⊂ Rn is compact iff it is closed and bounded.
Theorem 5.10 (Bolzano-Weierstrass theorem). A set A is compact iff every net in A has a convergent
subnet.
Proposition 5.11. We have the following:

(a) A closed subset of a compact set is compact.
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(b) Suppose S, T are topological spaces. If f : S → T is continuous and A ⊂ S is compact, then f(A) is
compact.

Proposition 5.12. In a Hausdorff space, every compact set is closed.
Let S, T be topological spaces. Let f : S → T be a continuous bijection with f−1 continuous. Then, f is a
homeomorphism.
Theorem 5.13. If S, T are compact Hausdorff spaces, and f : S → T is continuous and a bijection, then f
is a homeomorphism.
A topological space S is normal if

(i) ∀x, y ∈ S, there exists an open set O ⊂ S s.t. x ∈ O, y ̸∈ O.
(ii) If C1, C2 ⊂ S where C1, C2 are closed and disjoint, then there exists disjoint open sets O1, O2 s.t.

C1 ⊂ O1, C2 ⊂ O2.
Theorem 5.14 (Urysohn’s lemma). Let X be a normal space, and C1, C2 be disjoint closed sets in X. Then
there exists a continuous function f : X → R with 0 ≤ f(x) ≤ 1 s.t. f(x) = 0 if x ∈ C1 and f(x) = 1 if
x ∈ C2.
Lemma 5.15. A continuous function on a compact set K is bounded.
Theorem 5.16. Let X be a compact Hausdorff space. Let C(X) = {f : X → C | f is continuous} with norm
∥f∥∞ = sup |f(x)|. Then C(X) is a Banach space with this norm.
Define CR(X) to be the same of C(X), using only real-valued functions.
A collection G ⊂ C(X) is a subalgebra of C(X) if

(i) G is a subspace of C(X), i.e., it is closed under addition and scalar multiplication.
(ii) G is closed under multiplication, i.e., if g1, g2 ∈ G, then g1g2 ∈ G.

G separates points in X if ∀x1, x2 ∈ X,∃g ∈ G s.t. g(x1) ̸= g(x2).
Theorem 5.17 (Stone-Weierstrass theorem). Let X be a compact Hausdorff space. Let G be a subalgebra of
CR(X) which is closed as a subset of CR(X), and let G separate points in X. Then either G = CR(X) or
G = {g ∈ CR(X) | g(x0) = 0} for some fixed x0. Thus, if g(x) = 1 ∈ G, then G = CR(X).
Corollary 5.18. Real-valued polynomials P are dense in CR[a, b].
Remark 5.19. If we replace CR(X) by C(X), for the Stone-Weierstrass theorem to be true, we require G to
be a star-algebra, i.e., it is closed under the operation f → f∗ (complex conjugation of functions).

5.3 Measure Theory on Compact Spaces
Suppose X is a compact Hausdorff space. A set A in a topological space is a Gδ set if it is the intersection of
a countable number of open sets.
Proposition 5.20. If X is a compact Hausdorff space, and f ∈ CR(X), then f−1([a,∞)) is a compact Gδ
set.
The σ-algebra generated by the compact Gδ sets is called the Baire sets. Functions measurable w.r.t. the
Baire sets are the Baire functions. A measure on the Baire sets is a Baire measure if it is finite.
Remark 5.21. Note that the Baire sets is a subset of Borel sets since Borel sets contain all compact Gδ
sets. In R, the Borel sets are the Baire sets since Borel sets are generated by closed intervals [a, b], which are
compact Gδ sets.
Theorem 5.22. Every Baire measure is regular, i.e., if A is a Baire set, then µ(A) = inf{µ(O) |
O open, Baire, O ⊃ A} and µ(A) = sup{µ(K) | K compact, Baire, K ⊂ A}.
Theorem 5.23. We have the following:

(a) If µ is a measure on the Baire sets, then µ has a unique extension to a regular measure on the Borel
sets.

(b) If µ is a Baire measure which has been extended to a regular Borel measure, then every Borel set
differs by at most a set of measure 0 for some Baire set.
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We continue to assume that C(X) and the CR(X) have the usual supremum norm. The theorems below
apply to both C(X) and CR(X).
Let ℓ : C(X)→ C (or CR(X)→ R) be a continuous linear functional with ℓ(f) ≥ 0 ∀f with f(x) ≥ 0 ∀x ∈ X.
Then f is called a positive linear functional.
Proposition 5.24. If ℓ is a positive linear functional, then ∥ℓ∥ = ℓ(1).
Example 5.25. Let X be a compact Hausdorff space and µ be a Baire measure. ∀f ∈ C(X), define
ℓ(f) =

∫
X
f(x) dµ. Then ℓ is a positive linear functional.

Theorem 5.26 (Riesz-Markov theorem). Let X be a compact Hausdorff space, and let ℓ be a positive linear
functional on C(X). Then ∃! Baire measure µ on X s.t.

ℓ(f) =
∫
X

f dµ ∀x ∈ C(X).

What is the dual of CR(X)?
Theorem 5.27. Let ℓ be a bounded linear functional on CR(X), i.e., ℓ ∈ CR(X)∗. Then ℓ = ℓ+ − ℓ−, where
ℓ+, ℓ− are unique positive linear functionals. Also, ∥ℓ∥ = ∥ℓ+∥+ ∥ℓ−∥ = ℓ+(1) + ℓ−(1).
Theorem 5.28 (General Riesz-Markov theorem). If ℓ is a general linear functional on CR(X), then

ℓ(f) =
∫
X

f(x) dµ,

where µ is a signed measure, i.e., a generally nonpositive measure.

A topological space X is locally compact if every p ∈ X has a compact neighborhood.
Remark 5.29. The Riesz-Markov theorem can be extended from compact spaces to locally compact spaces,
e.g., extending from [0, 1] to R.
Recall that if T1, T2 are two topologies, then T1 is weaker than T2 if T1 ⊂ T2. If G is a collection of sets in X,
T is the topology generated by G if T is the weakest topology where all sets in G are open. We can show that
T is all possible unions of finite intersections of sets in G.
Let X be a Banach space and X∗ be its dual space. The weak topology on X is the weakest topology on X
s.t. every linear functional ℓ ∈ X∗ is continuous on X.
Suppose T is this topology. What are the open sets? Notice that T is the topology generated by all sets of
the form ℓ−1(O), where O ⊂ R is open and ℓ ∈ X∗. We can show that T is all possible unions of sets of the
form

n⋂
i=1

ℓ−1
i (Ii) := N(ℓ1, . . . , ℓn; I1, . . . , In),

where ℓi ∈ X∗, Ii ⊂ R is an open interval. All sets of this form make a base for the topology T . Additionally,
sets of the form

N(ℓ1, . . . , ℓn; ε)
form a neighborhood base at x = 0.
Theorem 5.30. In the weak topology T , the net xα → x iff ℓ(xα)→ ℓ(x) ∀ℓ ∈ X∗.

Proposition 5.31. We have the following:

(a) The weak topology is weaker (not necessarily strictly weaker) than the norm topology (usual, strong
topology) on X.

(b) If xα → x in the weak topology, then ∥xα∥ are all bounded.

(c) The weak topology is Hausdorff.

Example 5.32. Let X be a compact Hausdorff space. Note that C(X) is a Banach space. Then, if fn is
a sequence of functionals in C(X), we have fn → f weakly iff fn(x) → f(x) ∀x and ∥fn∥ are all bounded
uniformly.
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5.4 The Weak* Topology
Let X be a Banach space and X∗ be its dual space. The weak* topology is the weakest topology on X∗ for
which all functions Lx, x ∈ X are continuous, where Lx : X∗ → R is defined by Lx(ℓ) = ℓ(x).
Example 5.33. Let X be a compact Hausdorff space. Define M(X) = CR(X)∗. We claim that M(X) ∼=
set of all signed finite Baire measures on X via the correspondence ℓ ←→ µ, where ℓ ∈ M(X) and µ is a
signed measure on X s.t.

ℓ(f) =
∫
X

f(x) dµ.

Consider the weak* topology on C(X)∗. This is called the vague topology on M, which arises in probability.
If X = R, and µn, µ ∈M, then the notion of µn → µ in the vague topology is the same as the notion of weak
convergence in probability theorem. For x ∈ X, define δx to be a measure on X s.t.

δ(A) =
{

0 if x ̸∈ A,
1 if x ∈ A.

Claim 5.34. Measures of the form
n∑
i=1

ciδxi ,

where ci ∈ R, xi ∈ X are weak*-dense in the set of all signed Baire measures.
Remark 5.35. [Riesz-Markov correspondence] For a fixed xi, there is a one-to-one correspondence between
Baire measure δxi and linear functional ℓxi , where ℓxi is defined by ℓxi(f) = f(xi). The correspondence is
given by

ℓxi(f) =
∫
f dδxi .

Thus, any Baire measure µ on R can be approximated by linear combinations of point mass measures δxi
, i.e.,

µ ≈
n∑
i=1

ciδxi .

Correspondingly, for a continuous function f ,

f(x) dµ ≈
∫
f(x) d

(
n∑
i=1

ciδxi

)
=

n∑
i=1

cif(xi).

6 Ergodic Theory
Ergodic theory is about classical mechanics and dynamical systems. Suppose we have a phase space Ω of all
possible states of a physical system, where Ω can be a metric or topological space.
For t ≥ 0, x ∈ Ω, define Ttx to be the state of the system at state x ∈ Ω after time t, where Tt : Ω → Ω.
Assume Tt is invertible ∀t, and Tt(x) is measurable in variables (t, x) jointly on R×Ω as a measure space
using Borel measurable sets on R and Ω, respectively.
Let E ≥ 0. We usually consider the subset ΩE ⊂ Ω consisting of all states in Ω with energy E. The system
initially in ΩE stays in ΩE due to energy conservation. Suppose the initial state is x, and at time t, the state
is Ttx. Does Ttx have a limit as t→∞? Not usually. However, there is usually a density that the orbit has as
it moves around ΩE . Henceforth, WLOG, assume ΩE is all of Ω since we are restricted in any case to ΩE ∀t.
Assume Ω is a compact, Hausdorff topological space. Let f be a continuous function on Ω. Does f(Ttx) have
a limiting density of values? Notice that the average value from time 0 to time τ is

1
τ

∫ τ

0
f(Ttx) dt.

Does this have a limit as τ →∞ that is independent of x? If yes, this is called the zeroth law of thermodynamics.
If this limit exists and is independent of x, define

ℓ(f) = lim
τ→∞

1
τ

∫ τ

0
f(Ttx) dt.
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Note that we can easily check that ℓ(f) is a positive linear functional on C(Ω) and is bounded. Thus, by the
Riesz-Markov theorem, there exists a Baire measure µ s.t. ℓ(f) =

∫
Ω f(x′) dµ(x′). Thus, we have

lim
τ→∞

1
τ
f(Ttx) dt =

∫
Ω
f(x′) dµ(x′).

Note that {Tt} is a one parameter group of operators, i.e., that it depends on a single parameter t, and that
TtTsx = Tt+sx. This follows just by definition of Tt, since the effect of time s followed by effect of time t is
the effect of time s+ t. Then we can show that∫

Ω
f(x) dµ(x) =

∫
Ω
f(x) d(µ ◦ T−1

s )(x),

where µ ◦ T−1 is a new measure defined by (µ ◦ T−1
s )(F ) := µ(T−1

s F ), so µ ◦ T−1
s = µ, i.e., Ts is measure

preserving w.r.t. the measure µ. Equivalently, µ is an invariant measure for T . Hence, if the limit
limτ→∞

1
τ

∫ τ
0 f(Ttx) dt exists, then T has an invariant measure µ.

Now consider the converse question. If Tt has an invariant measure µ, does the above limit exist? We want
to prove that ℓ(f) exists for f ∈ C(Ω). Define a new map Ut on L2(Ω) by

Utf(x) = f(Ttx).

Lemma 6.1 (Koopman’s lemma). Ut is a unitary map on L2(Ω), i.e., it preserves L2 norms.
Note that Ut+s = UtUs again. Thus, if n ∈ Z, then Un = U1+···+1 = Un1 . Now replace the above question by
a slightly simpler discrete problem by setting τ = N ∈ Z. Then,

1
τ

∫ τ

0
Utf(x) dt = 1

N

∫ τ

0
Utf(x) dt

≈ 1
N

N−1∑
m=0

Umf(x).

Does this limit as n→∞ exist?
For a linear operator A : H → H, we define

ranA = {Ax | x ∈ H},
kerA = {x | Ax = 0}.

Given a linear bounded operator A in a Hilbert space H, the adjoint operator A∗ is uniquely defined by
⟨x,Ay⟩ = ⟨A∗x, y⟩.
Lemma 6.2. We have the following:

(a) If U is unitary, then Uf = f iff U∗f = f .

(b) For any operator A, (ranA)⊥ = kerA∗.

Remark 6.3. For a real finite-dimensional v.s. (as in linear algebra), statement (b) becomes (ranA)⊥ =
kerA⊤.
Theorem 6.4 (Mean ergodic theorem, discrete version). Let U be a unitary operator on H. Let P be the
orthogonal projection onto J = {ψ | Uψ = ψ}, which implies P 2 = P and P (J) = J . Then ∀f ∈ H,

lim
N→∞

1
N

N−1∑
m=0

Umf

exists and equals Pf .
Theorem 6.5 (Mean ergodic theorem, continuous version). Let Tt(x) be a one parameter group of measure
preserving transformations of (Ω, µ). Then for f ∈ L2(Ω),

lim
τ→∞

1
τ

∫ τ

0
f(Ttw) dt =

∫ 1

0
(Pf)(Ttw) dt,

where P is the orthogonal projection onto the subspace {ψ | U1ψ = ψ}, and U1 is the time one map
U1f = f(T1w).
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Let µ is a measure on set Ω and T : Ω → Ω be a transformation that preserves µ. We assume that µ is a
probability measure for now, i.e., µ(Ω) = 1.
For a single t, the map Tt is ergodic if f ◦ Tt = f implies that f is constant. The family {Tt}t≥0 is ergodic if
Tt is ergodic ∀t. This definition implies that T1 mixes sets up.
Claim 6.6. This means T1 leaves no set A invariant if A is nontrivial, i.e., not of full or 0 measure. That
is, we never have T1A = A.
Proposition 6.7. Tt is ergodic (for a fixed t) iff the only sets left invariant by Tt have measure 0 or measure
1.
Corollary 6.8 (of the mean ergodic theorem). Let Tt be ergodic and measure preserving on (Ω, µ). Then
∀f ∈ L2(Ω, dµ),

lim
τ→∞

1
τ

∫ τ

0
f(Ttw) dt =

∫
Ω
f(x) dµ(x),

i.e., the time average is equal to the space average.
Theorem 6.9 (Birkhoff ergodic theorem). Let T be a measure preserving transformation on a measure space
(Ω, µ) (not necessarily finite). Then ∀f ∈ L1(Ω, µ), the limit

lim
N→∞

1
N

N−1∑
n=0

f(Tnx) = f#(x) ∈ L1(µ)

exists pointwise a.e. Further, f#(x) = f#(Tx) ∀x ∈ Ω. If µ(Ω) <∞, then∫
f#(x) dµ =

∫
f(x) dµ.

Furthermore, if T is ergodic and µ(Ω) = 1, then

f#(x) =
∫
f(y) dµ(y)

for almost all x.

7 Spaces of Bounded Operators
Let X,Y be Banach spaces. Let L(X,Y ) be the set of all continuous linear maps from X to Y . Recall that if
T ∈ L(X,Y ), ∥T∥ = supx∈X ∥Tx∥/∥x∥, so L(X,Y ) is a Banach space with this norm.

7.1 Topologies on Operator Spaces
Now let us consider topologies on L(X,Y ). The normal topology on L(X,Y ) is called the uniform operator
topology (or the norm topology). Here, {Tn} → T iff ∥Tn − T∥ → 0.
There are two other topologies on L(X,Y ). Let x ∈ X. Consider the map Ex : L(X,Y ) → Y defined by
Ex(T ) = Tx. The strong operator topology is the weakest topology on L(X,Y ) s.t. all maps Ex are continuous
from L(X,Y ) to X in the norm topology on L(X,Y ).
Remark 7.1. In the strong operator topology, the strongly convergent nets {Tα} ⊂ L(X,Y ) are those where
{Tαx} converges ∀x ∈ X.
Let x ∈ X, ℓ ∈ Y ∗. Consider the map Ex,ℓ : L(X,Y ) → C defined by Ex,ℓ(T ) = ℓ(Tx) ∈ C. The weak
operator topology on L(X,Y ) is the weakest topology s.t. all maps of this form are continuous.
Remark 7.2. In the weak operator topology, the convergent nets {Tα} are those where ℓ(Tαx) converges
∀x ∈ X, ℓ ∈ Y ∗.
Claim 7.3. Weakest topology ⊂ strong topology ⊂ norm topology.
Example 7.4. Suppose ℓ2 are all sequences {an} s.t. (

∑
a2
n)1/2 = ∥{an}∥2 <∞.

(a) Consider the operator Tn(a1, a2, . . . ) = 1
n (a1, a2, . . . ). Then

∥Tn∥ = sup
a∈ℓ2

∥Tna∥
∥a∥

= sup
a∈ℓ2

∥a/n∥
∥a∥

= 1
n
→ 0,

so ∥Tn − 0∥ → 0 =⇒ Tn → 0 in the norm topology (and thus in all the other topologies).

25



(b) Let Sn(a1, . . . ) = (0, . . . , 0, an+1, an+2, . . . ). Then if x = {xn} ∈ ℓ2,

∥Snx∥2 =
∞∑

i=n+1
|xi|2 → 0,

so Snx→ 0 ∀x ∈ ℓ2, so Sn → 0 as an operator from ℓ2 → ℓ1 in the strong toplogy (and also the weak
topology), but not the norm topology.

(c) Let Wn : ℓ2 → ℓ1 be defined by Wn(a1, a2, . . . ) = (0, . . . , 0, a1, a2, . . . ) with n zeroes in the first
position. Then if x = (x1, x2, . . . ) ∈ ℓ2, ℓ ∈ ℓ2∗ , ℓ(Wnx) = ℓ(0, . . . , 0, x1, x2, . . . ). Recall that ℓ2 is a
Hilbert space. We can show that Wn → 0 in the weak operator topology.

Theorem 7.5. Let H be a Hilbert space. Let Tn ∈ L(H,H) ∀n. Suppose ∀x, y ∈ H, we have that ⟨x, Tny⟩
converges as n→∞. Then ∃T ∈ L(H,H) s.t.

Tn
w−→ T,

where w−→ denotes weak convergence.

7.2 Adjoint Operators
LetX,Y be Banach spaces and T : X → Y be linear and continuous. Define the adjoint operator T ′ : Y ∗ → X∗

by (T ′ℓ)x = ℓ(Tx). Note that we want to think of T ′ℓ ∈ X∗.

Example 7.6. Let us revisit the shift operator. Let X = Y = ℓ1 and T (a1, a2, . . . ) = (0, a1, a2, . . . ). Then
T ′ : ℓ∗

1 → ℓ∗
1, or T ′ : ℓ∞ → ℓ∞.

Claim 7.7. If b ∈ ℓ∞, b = (b1, b2, . . . ), then T ′b = (b2, b3, . . . ).

Theorem 7.8. Let X,Y be Banach spaces. Then if T : X → Y is linear and bounded, the map T → T ′

which takes T to its adjoint

(i) linear,

(ii) isometric, i.e., ∥T∥ = ∥T ′∥.

Now suppose H is a Hilbert space. Let T : H → H be a bounded linear operator. The Hilbert space adjoint
of T is a bounded linear operator T ∗ s.t. ∀x, y ∈ H, ⟨x, Ty⟩ = ⟨T ∗x, y⟩.

Recall that if x ∈ H,∃ℓ ∈ H∗ st. ∀y ∈ H, ⟨x, y⟩ = ℓ(y). Let C be the map defined by x 7→ ℓ, so ∥x∥ = ∥ℓ∥. If
x is replaced by αx for α ∈ C, then ℓ is replaced by αℓ. Thus, C(αx) = αℓ = αC(x), so C is conjugate linear.

Remark 7.9. If x, y ∈ H, ⟨T ∗x, y⟩ = (C(T ∗x))y, while ⟨x, Ty⟩ = (Cx)(Ty) = (T ′Cx)(y) ∀x, y ∈ H, so
CT ∗ = T ′C, so T ∗ = C−1T ′C. This is the relation between the Hilbert space adjoint and the regular adjoint
operator.

If H is a Hilbert space, let L(H) be the bounded linear operators from H to H.

Theorem 7.10. We have the following:

(a) T → T ∗ is a conjugate linear isometric isomorphism of L.

(b) For S, T ∈ L(H), define ST = S ◦ T to be the composition of S and T . Then (ST )∗ = T ∗S∗.

(c) (T ∗)∗ = T .

(d) If the inverse map T−1 exists and is a bounded linear operator, then T ∗ also has a bounded inverse,
and

(T ∗)−1 = (T−1)∗.

(e) The map T → T ∗ is continuous in the weak operator topology and the norm operator topology, but
not the strong operator topology.

(f) ∥T ∗T∥ = ∥T∥2.

The operator T : H → H is self-adjoint if T ∗ = T .
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7.3 Complex Analysis
Let f : C → C. Suppose Γ ⊂ C is a curve from point a to point b. Suppose we mark of points a =
z0, z1, . . . , zn = b and define ∆zi = zi − zi−1. Define the integral∫

Γ
f(z) dz = lim

∆zi→0
n→∞

n∑
i=1

f(zi)∆zi.

Note that the contour has an orientation.
A set D ⊂ Rn is connected if any two points in D can be connected by a broken line entirely inside of D.
Suppose D ⊂ C is a connected open set. Then f is analytic (differentiable)) in D if ∀z ∈ D,

f ′(z) := lim
h→0

f(z + h)− f(z)
h

exists, where f ′(z) is the derivative of f(z).
Lemma 7.11 (Cauchy’s formula). Suppose f : D → C is analytic. Let Γ ⊂ D be a closed curve, oriented
counterclockwise. Let z0 ∈ Γ. Then

f(z0) = 1
2πi

∫
Γ

f(z)
z − z0

dz.

Let f : D → C be analytic, and let z0 ∈ D. Suppose f (n) is the nth derivative of f and let an = f (n)(z0)/n!.
Then

∞∑
n=0

an(z − z0)n = f(z)

in the largest circular disk C about z0 in which f can be extended as an analytic function. Conversely, every
power series of the form

∞∑
n=0

an(z − z0)n

converges to an analytic function f inside some circular disk C about z0, and diverges outside C. The
function f which is obtained cannot be extended as an analytic function to a larger concentric disk than C.

7.4 Banach-Valued Functions
Let D ⊂ C and X be a complex Banach space. The function f : D → X is analytic if

f ′(z) := lim
h→∞

f(z + h)− f(z)
h

exists ∀z ∈ D, where the limit is in the topology of X.
Let D ⊂ C, X be a Banach space, and f : D → X. Then f is weakly analytic if ∀ℓ ∈ X∗,

ℓ(f(z)) : D → C

is an analytic function.
Lemma 7.12. Let X be a Banach space. Then a sequence {xn} ⊂ X is Cauchy iff ∀ℓ ∈ X∗ s.t. ∥ℓ∥ ≤ 1,
{ℓ(xn)} is Cauchy uniformly in ℓ ∈ X∗.
Remark 7.13. Uniformly in ℓ means that ∀ε > 0,∃N ∈ N s.t. ∀m,n > N , |ℓ(xn)− ℓ(xm)| < ε, independent
of ℓ.
Theorem 7.14. If f : D → X is weakly analytic, then f is strongly analytic.

7.5 The Spectrum of a Linear Operator
Let X be a Banach space. The operator I : X → X denotes the identity: Ix = x ∀x ∈ X. Define L(X) to be
all bounded linear operators from X → X.
Let T : X → X be bounded and linear and λ ∈ C. Then λ is in the resolvent set of T if the operator
λI − T has an inverse (λI − T )−1 which is bounded and linear. Let ρ(T ) denote the resolvent set of T . Let
Rλ(T ) := (λI − T )−1. We also write (λI − T )−1 = (λ− T )−1 = 1

λ−T .
The product AB of two operators A,B denotes their composition. Two operators A,B commute if AB = BA.
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Lemma 7.15. If the operator A ∈ L(X) has norm smaller than 1, then 1/(1−A) exists and

1
1−A =

∞∑
k=0

Ak.

Theorem 7.16. Suppose T is a bounded linear operator. We have the following:
(a) ρ(T ) ⊂ C is open.
(b) For λ ∈ ρ(T ), Rλ(T ) = (λ−T )−1 is an analytic function of λ, i.e., Rλ(T ) : C→ L(X) is an analytic

function of λ.
(c) Further, for λ, µ ∈ C,

Rλ(T )−Rµ(T ) = (µ− λ)Rµ(T )Rλ(T ),
and Rλ(T ), Rµ(T ) commute.

Remark 7.17. If X = Rn and T is a matrix, then

(λI − T )−1 − (µI − T )−1 = (µ− λ)(µI − T )−1(λI − T )−1.

The spectrum σ(T ) of the operator T is the set of λ ∈ C s.t. Rλ(T ) does not exist as a bounded operator,
i.e., σ(T ) = C \ ρ(T ).
Remark 7.18. By part (a) of Theorem 7.16, the spectrum of T is a closed set.
Let X be a Banach space. A function f(λ) : C→ X is called entire if it is analytic ∀λ ∈ C.
Theorem 7.19 (Liouville’s theorem for Banach spaces). Let X be a Banach space. Let f(λ) : C → X
be entire. Then if f(λ) is bounded, i.e., if ∥f(λ)∥ ≤ C ∀λ ∈ C, then f(λ) is a constant, i.e., ∃T ∈ X s.t.
f(λ) = T ∀λ ∈ C.
Corollary 7.20. Let X be a Banach space, T ∈ L(X). We have the following:

(a) The spectrum σ(T ) is non-empty.
(b) Further, σ(T ) ⊂ D, a closed disk of radius ∥T∥.

Could it be possible that σ(T ) ⊂ D′ a closed disk of radius ∥T∥ − ε for some ε > 0? The answer is no.
Define the spectral radius of T be r(T ) := supλ∈σ(T ) |λ| to be the largest distance of any point in σ(T ) from
0. Given an analytic function f : C→ C and its power series about a ∈ C:

f(z) =
∞∑
k=0

cn(z − a)n, (8)

its radius of convergence ρ is defined to be the smallest r s.t. the series in Equation (8) converges for
|z − a| < r.
Lemma 7.21. Given an analytic function f with its Taylor series in Equation (8), the radius of convergence
R satisfies

R = lim sup
n→∞

|an|1/n.

Theorem 7.22. We have the following.
1. Given a Banach space X and bounded operator T on X, the spectral radius r(T ) is given by

r(T ) := lim
n→∞

∥Tn∥1/n := |||T |||.

2. If X is a Hilbert space and T is self-adjoint, then

r(T ) := ∥T∥.

Theorem 7.23. Let H be a Hilbert space and T be a bounded operator on H. Then σ(T ∗) = σ(T ) = {λ |
λ ∈ σ(T )} and Rλ(T ∗) = Rλ(T )∗ if λ ∈ ρ(T ).
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7.6 Eigenvalues and the Point Spectrum
Let T be a bounded operator on a Banach space X. Suppose λ ∈ C, and for some x ∈ X, Tx = λx. Then λ
is an eigenvalue of T . If λ ∈ σ(T ) is an eigenvalue of T , then λ is in the point spectrum of T .
Remark 7.24. In finite dimensions, the point spectrum is always the entire spectrum. In general, the point
spectrum is not the full spectrum. In infinite dimensions, there are additional points in the spectrum, e.g.,
the “continuous spectrum” and the “residual spectrum.” We will not focus so much on the residual spectrum.
Theorem 7.25. Let H be a Hilbert space. If T : H → H is self-adjoint, then

(a) σ(T ) ⊂ R ⊂ C.
(b) If λ1, λ2 are eigenvalues and Tx1 = λ1x1, Tx2 = λ2x2, then x1 ⊥ x2.

7.7 Polar Decomposition
Let H be a Hilbert space. An operator A ∈ L(H) is positive if ⟨Ax, x⟩ = 0 ∀x ∈ H.
Proposition 7.26. If A is positive, then A is self-adjoint.
Lemma 7.27 (Square root lemma). Let H be a Hilbert space and A ∈ L(H) s.t. A ≥ 0. Then ∃!B ∈ L(H)
with B ≥ 0 s.t. B2 = A. Further, the operator B commutes with every bounded operator that commutes with
A.
Let A ∈ L(H). Then define |A| =

√
A∗A.

If T ∈ L(H), the kernel of T is defined by kerT := {x | Tx = 0}. Let U ∈ L(H). Then U is an isometry if
∥Ux∥ = ∥x∥ ∀x ∈ H. U is a partial isometry if ∥Ux∥ = ∥x∥ ∀x ∈ (kerU)⊥.

Remark 7.28. If U : H → H is a partial isometry, note that H = kerU ⊕ (kerU)⊥ uniquely and
H = ranU ⊕ (ranU)⊥ uniquely.

Remark 7.29. Note that ranU |(kerU)⊥ = ranU , so we can say U : (kerU)⊥ → ranU .

Recall that for a z ∈ C, we can write z = reiθ = |z|eiθ. Note that we can interpret z as as a multiplication
operator Mz, that is if h ∈ H, we define Mzh = zh. This also generalizes to more complicated operators:
Theorem 7.30 (Polar decomposition theorem). Let A ∈ L(H). Then there exists partial isometry U s.t.
A = U |A|. U is unique if it is chosen so that kerU = kerA. Also, ranU = ranA.

8 The Spectral Theorem
8.1 Functional Calculus
Let H be a complex Hilbert space. Let A ∈ L(H). Recall that A2 = A ◦ A, A3 = A ◦ A ◦ A, etc. If
P (x) =

∑
N aix

i is a complex polynomial, P (A) :=
∑
N aiA

i is an operator. Let f(x) be a continuous
function. Is f(A) an operator as well?
The answer is yes! Use an approximation of f(x) by P (x). Note that P (x) ≈ f(x) is only needed on σ(A).
Define ϕ : C(σ(A))→ L(H). We choose ϕ with the following properties:

(a) ϕ is a ∗-homomorphism, i.e.
(i) ϕ(f + g) = ϕ(f) + ϕ(g),
(ii) ϕ(fg) = ϕ(f)ϕ(g),
(iii) ϕ(λf) = λϕ(f),
(iv) ϕ(1) = I,

(v) ϕ(f) = ϕ(f)∗.
(b) ϕ is continuous from C(σ(A)) (in sup norm) to L(H) (in operator norm) for fixed A.
(c) Let f(x) = x on R. Then ϕ(f) = A.]

Moreover, ϕ has the additional properties:
(d) If Aψ = λψ, then ϕ(f)ψ = f(λ)ψ.
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(e) σ[ϕ(f)] = {f(λ | λ ∈ σ(A)} [spectral mapping theorem].
(f) If f ≥ 0, then ϕ(f) ≥ 0.
(g) ∥ϕ(f)∥ = ∥f∥∞ [this strengthens (b)].

8.2 The Spectral Mapping Theorem
Lemma 8.1 (Spectral mapping theorem for polynomials). For a polynomial P (x) and operator A ∈ L(H),
we have

σ(P (A)) = P (σ(A)) := {P (λ) | λ ∈ σ(A)}.

Lemma 8.2. For a polynomial P ,

∥P (x)∥C(σ(A)) = ∥P (A)∥L(H).

8.3 The Borel Functional Calculus
Again, consider a fixed bounded operator A. If f : R→ C is Borel, can we define f(A)? This means we want
the correspondence ϕ̂ : f → f(A) which extends ϕ (which was defined only for continuous functions).

Theorem 8.3. A unique correspondence ϕ̂ exists between Borel functions f(x) and operators f(A) and
extends the correspondence ϕ above. Further, if we require that ϕ̂ satisfies the same three conditions (a)-(c)
as ϕ, and that if fn(x)→ f(x) ∀x, and ∥fn∥∞ ≤ C ∀n, then fn(A)→ f(A) in the strong operator topology.

8.4 Spectral Measures
Let H be a complex Hilbert space and let A ∈ L(H) be a fixed self-adjoint operator. Then σ(A) ⊂ R. Fix
ψ ∈ H, and ffor each continuous function f on σ(A), define ℓ(f) = ⟨ψ, f(A)ψ⟩, which is a number. Here, A,ψ
are fixed as f varies.
It is easy to show that if f ≥ 0, then f(x) = g2(x) for some g ≥ 0, so ℓ(f) = ⟨ψ, g2(A)ψ⟩ = ⟨g(A)ψ, g(A)ψ⟩ ≥ 0.
Hence, ℓ is a positive bounded linear functional on functions f on σ(A). Then by the Riesz-Markov theorem,
there exists a Baire measure µψ on σ(A) s.t.

ℓ(f) =
∫
σ(A)

f(x) dµψ.

µψ is the spectral measure associated with ψ.
A vector ψ ∈ H is a cyclic vector for A if finite linear combinations of the elements {Anψ} span H, i.e., finite
combinations of vectors Anψ are dense in H.
Example 8.4. Let H = L2[−1, 1] and A = Mx, i.e., Af(x) = Mxf(x) = xf(x). Let ψ = 1. Then
{An1} = {xn}. The finite linear combinations of {An1} are thus polynomials, which are dense in H. Thus,
the vector ψ = 1 is a cyclic vector for the operator A = Mx.
Claim 8.5. If A has a cyclic vector ψ, then it is easy to describe A as an operator.
Let H1,H2 be Hilbert spaces. Suppose A1 ∈ L(H1), A2 ∈ L(H2). Suppose that there exists unitary operator
U : H1 → H2 and suppose ∀x ∈ H2, A2x = UA1U

−1x, then A1 and A2 are unitarily equivalent.
Now let H be a Hilbert space and A be a self-adjoint operator on H. Let ψ be a cyclic vector for A. Suppose
µψ is the corresponding measure on σ(A). Consider L2(σ(A), µψ) as a Hilbert space. Let A1 be a self-adjoint
bounded operator on L2(σ(A), µψ) be defined by (A1f)(x) = xf(x).

Lemma 8.6. A and A1 are unitarily equivalent. That is, there exists unitary operator U : H → L2(σ(A))
s.t. UAU−1 = A1.
Lemma 8.7. Let H be a separable Hilbert space and A ∈ L(H) be self-adjoint and fixed. There exists
orthogonal subspaces {Hi}Ni=1 of H (N may be ∞) s.t.

(i) H =
⊕
Hi.

(ii) If ψi ∈ Hi, then Aψi ∈ Hi.
(iii) ∀i, consider A|Hi

. This operator has a cyclic vector ψi ∈ Hi, i.e., finite linear combinations of
{Anψi}∞

n=0 are dense in Hi.
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Combining the above information:
1. If A is self-adjoint on H with a cyclic vector ψ, then there is a measure µ on R (actually restricted

to σ(A) ⊂ R) s.t. H ↔ L2(R, µ), i.e., ∃!U : H → L2(R, µ).
2. Under the unitary operator U , the operator A on H corresponds to Mx on L2(R, µ), i.e., UAU−1 =
Mx.

3. If A is a general self-adjoint operator on H, then we can decompose H orthogonally: H =
⊕
Hn s.t.

A maps each Hn ⊂ H into itself and A|Hn
has a cyclic vector.

Conclusion: On Hn, A has a cyclic vector ψn and so there is a corresponding measure µn on R with
Hn ↔ L2(R, µn), i.e., each piece of A on each Hn is like the operation of mulitplying a function in L2(R, µn)
by x, with a corresponding measure µn. Combining all of this gives A↔Mx acting on

⊕
L2(R, µn).

But what is
⊕
L2(R, µn)? It is easy to show that

⊕
L2(R, µn) = L2(∪(R, µn)). So what kind of measure

space is M := ∪(R, µn)?
M is a simple union of separate copies of R with different measures µn. Gluing them all together yields a
single measure space. Thus, if f(x) is a function on this measure space, it is defined (maybe differently) on
each copy of R. Thus, every self-adjoint A is equivalent to operator Mx on L2(M).
Remark 8.8. The equivalence still holds even if we replace µn by cµn, where c is dependent on n.
The measures µn are spectral measures of A.
Example 8.9. Let H be a finite-dimensional space, A be self-adjoint on H. Then H = Cn, and so A can be
represented as a matrix. Let {λi}, {ψi} be eigenvalues and eigenvectors of A. Then σ(A) = {λi} is a finite set
of points. Assume that all λi are unique. The spectral measure µ must be concentrated on the eigenvalues.
Suppose µ is the counting measure on {λi}. Note that then we have∫

R
f(x) dµ =

∑
f(λi).

Therefore, ∀f(x) ∈ L2(R, µ) is uniquely determined by its values on λi:

f ↔ (f(λ1), f(λ2), . . . , f(λn)),

i.e., L2(R, dµ) ∼ Cn = H. Further, A is equivalent to multiplication Mx on L2(R, dµ).

8.5 More on the Spectral Theorem
Lemma 8.10. On the space L2(M), the operator Ma(x) with a(x) essentially bounded is a bounded linear
operator. If a(x) is essentially unbounded, then Ma(x) is not bounded as an operator.

Proposition 8.11. Let A ≈Mx on
⊕
L2(R, µn). Then σ(A) = ∪ suppµn.

Theorem 8.12. If A is self-adjoint on H, then H = Hpp ⊕Hac ⊕Hsc, where if ψ ∈ Hpp, then µψ is a pure
point measure on R, ψ ∈ Hac, then µψ is absolutely continuous on R, and if ψ ∈ Hsc, then µψ is singular
continuous on R.

8.6 Multiplicity: Free Operators
Recall if A is self-adjoint on H, then A ∼Mx onM, which is the union of copies Rn of R with some measure
µn. If H is finite-dimensional, then µ is always a point measure on M.
f A ∼Mx on some measure spaceM that is only one copy of R with some measure µ, then A is multiplicity-free.
Theorem 8.13. The following are equivalent:

(a) A is multiplicity-free,
(b) A has a cyclic vector.

Proposition 8.14. Let µ, ν be Borel measures on R with bounded support. Let

Aµ = Mx on L2(R, µ),
Aν = Mx on L2(R, ν).

Then Aµ and Aν are unitarily equivalent iff µ, ν are equivalent measures.
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Let Ω be a Borel set in R. Let χΩ be the indicator function for Ω. If A is self-adjoint on H, then define
(using functional calculus for operators) P (Ω) = χΩ(A), a spectral projection of A. By properties of functions
of operators, we have

P (Ω)2 = χ2
Ω(A) = χΩ(A).

Also,
P (Ω)∗ = χΩ(A) = χΩ(A) = P (Ω),

so P (Ω) is an orthogonal projection.
Proposition 8.15. We have the following:

(a) PΩ is an orthogonal projection.
(b) P (ϕ) = 0; P (−a, a) = I for a sufficiently large.
(c) If Ω = ∪∞

m=1Ωm with Ωm disjoint, then

PΩ = lim
M→∞

M∑
m=1

P (Ωm)

in the strong operator topology.
(d) P (Ω1)P (Ω2) = P (Ω1 ∩ Ω2).

If ∀Ω ⊂ R, P (Ω) is an orthogonal projection on H and properties (a)-(d) are satisfied, then P is a projection-
valued measure.
Suppose θ ∈ H is fixed. Define a measure µ on R by

µ(Ω) = ⟨θ, P (Ω)θ⟩.

We can define an integral w.r.t. P (Ω):
Theorem 8.16. If PΩ is a projection-valued measure and f(x) is a bounded Borel function on R, there exists
a unique operator B s.t. ∀θ ∈ H,

⟨θ,Bθ⟩ =
∫
f(x) d⟨θ, P (x)θ⟩.

Define
B =

∫
f(x) dP (x).

We can show if {P (Ω)} are projection-valued measures associated with A, then

f(A) =
∫
R
f(x) dP (x)

s.t.
A =

∫
R
x dP (x).

Theorem 8.17 (Spectral theorem). There is a one-to-one correspondence between self-adjoint operators A
and projection-valued measure P (Ω) defined by θ1 : A→ {P (Ω)}, a projection-valued measure defined by A
and θ2 : {P (Ω)} → A =

∫
R x dP (x).
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